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Abstract

In this paper, we investigate the problem of testing conditional independence
(CI) between two random variables X and Y given Z, under the assumption that X
is stochastically increasing in Z. The hardness of testing the CI hypothesis is well
documented in the literature. While existing approaches often rely on parametric models,
smoothness assumptions, or approximations to the conditional distribution of X given
Z and/or Y given Z, our test requires no such knowledge beyond a shape constraint.
Inspired by the standard permutation method for unconditional independence testing,
our procedure determines the significance of a statistic by randomly swapping the X
values within ordered pairs of Z samples. The matched pairs and the test statistic
may depend on both Y and Z, providing the analyst with significant flexibility in
constructing a powerful test. Our test not only achieves finite-sample Type I error
control, but also has non-trivial asymptotic power against alternatives that are not
too close to the null models. We validate our theoretical findings through a series of
simulations and real data experiments.

1 Introduction

Consider the problem of testing the conditional independence (CI) hypothesis
H' X 1LY|Z,

where X and Y are variables of interest (such as a treatment X and an outcome Y'),
while Z represents a (potentially high-dimensional) confounder. Our available data consist
of a sample (X1,Y1,721),..., (X, Ya, Zn) S P, where P is an unknown distribution on
(X,Y,Z) € X x Y x Z. Throughout, we write Px|z and Py|z to denote the conditional

distributions of X given Z and Y given Z respectively.

In the case where the distribution of Z is continuous, Shah and Peters (2020) established
that, without further assumptions, there is no universally valid test of H§' that achieves
non-trivial power for any alternative distribution P ¢ H§"; see also Neykov, Balakrishnan
and Wasserman (2021) and Kim et al. (2022). Existing approaches to testing conditional
independence have therefore sought to guarantee validity (Type I error control) over restricted
classes of null distributions that impose one of the following additional structures:



(a) a parametric model, such as joint Gaussianity of (X,Y, Z), or a Gaussian linear model
for Y | (X, Z) (Kalisch and Bithlmann, 2007);

(b) a known or well-estimated conditional distribution P, (Candes et al., 2018; Barber,
Candes and Samworth, 2020; Berrett et al., 2020; Niu et al., 2024); or

(c) smoothness of the conditional distribution Pyz (Shah and Peters, 2020; Lundborg,
Shah and Peters, 2022; Kim et al., 2022; Lundborg et al., 2024+).

1.1 Our contributions

In this work, we introduce a nonparametric structure under which we can test conditional
independence: we assume a shape constraint—specifically, a form of stochastic monotonicity—
for the conditional distribution of X | Z. Such a constraint is motivated by several applications,
particularly in biomedicine, where for instance incidence of diabetes becomes more prevalent
with age (Yan et al., 2023), and left ventricular wall thickness is a known risk factor
for hypertrophic cardiomyopathy (O’Mahony et al., 2014). We observe a similar trend
in economics, where greater professional experience is often linked to higher salaries. In
agriculture, crop yields typically increase with optimal rainfall levels. Drawing insights from
these real-world examples, we consider the following constraint:

Assumption 1 (Monotonicity of the conditional distribution Pyz). Let X C R and let <
be a partial order on Z. We assume X 1is stochastically increasing in Z, meaning that

if 22 then Pp{X >z | Z=2} <Pp{X >z | Z="2} forall z.

This assumption does not fall into any of the categories (a)—(c) above. We will often consider
the case where the control variable Z is univariate, Z C R, under the usual total order <.
Our framework also allows for multivariate Z € R?, in which case the most common partial
order is the coordinatewise order.

Our main contribution is to introduce a broad strategy for testing the isotonic conditional
independence (ICI) null hypothesis

H": X LY | Z, and Py satisfies Assumption 1. (1)

Naturally, this test should only be applied in settings where the monotonicity condition of
Assumption 1 is well-motivated, so that a rejection of H{®! can reasonably be interpreted as
evidence that X £ Y | Z. However, we emphasize again that some additional assumption
beyond H' is essential for any valid test to have non-trivial power at any alternative.

1.2 Background: testing independence

To set the stage for some of the notation and ideas underlying our methodology, we briefly
review the simpler framework of permutation testing of the null hypothesis of marginal
independence, X 1 Y.

Given a joint distribution P on X x Y, let (X, Y;)icin) % P, and write X = (X)), and
Y = (Yi).,. We can reframe the problem of testing marginal independence as testing



whether the entries of X are i.i.d. given Y. Specifically, permutation tests look for violations
of exchangeability of X given Y. The general approach proceeds as follows: based on Y, the
analyst chooses any statistic 7 : X" — R, with larger values of T'(X) indicating evidence
against the independence null.! Write S, for the set of permutations of [n], and for o € S,,,
let T, = T'(X7) denote the value of the statistic when the entries of X are permuted according
to o—that is, X7 = (X,q), ..., X,m)). Finally, define a p-value

1
p:ﬁZ]l{ngT}.

’ UESn

This construction produces a valid p-value for any choice of test statistic T', and the statistic T’
can be tailored to have power against certain specific alternatives. Indeed, this strategy has
been successfully employed to construct independence tests via nearest neighbour distances and
mutual information (Berrett and Samworth, 2019), moment methods (Kim, Balakrishnan and
Wasserman, 2022), kernels (Pfister et al., 2018), the Hilbert—Schmidt independence criterion
(Albert et al., 2022) and U-statistics (Berrett and Samworth, 2021; Berrett, Kontoyiannis
and Samworth, 2021),

In our work, since we are interested in conditional (rather than marginal) independence, we will
follow a similar strategy, but will use a restricted class of functions 7" and a (data-dependent)
subgroup of permutations o € S,,, both of which respect the stochastic monotonicity Assump-
tion 1. Our framework still affords the analyst a great deal of flexibility in designing their
test, while controlling Type I error across the more challenging null class H{C".

2 Methodology

In this section we give a general procedure, called the PairSwap-ICI test, for testing the
isotonic conditional independence null Hi“!. Intuitively, it is plausible that we should be able
to construct powerful tests against some alternatives. For example, if Z; < Z;, then the shape
constraint ensures that X; < X; should hold at least half of the time; if we instead observe
X; > X, then this may be due to the influence of Y. Our test builds on and formalizes this
intuition: after observing Y and Z, the analyst specifies pairs (4, j) such that Z; < Z; and
then may use large differences X; — X, as evidence against the null.

More formally, based on Y and Z, and without access to X, the analyst chooses:

(i) A sequence of ordered pairs
(Z.17j1)a sy (iLajL)
of indices in [n] = {1,...,n}, where all 2L entries are distinct. We require the pairs to
be ordered in the sense that

Ziz = Zje (2)

for each ¢ € [L] = {1,...,L}. We refer to such a choice of ordered pairs (with any
L < |n/2]) as a matching, and denote the set of all possible matchings in [n] satisfying (2)
as M, (Z).

'We emphasize that T'(X) is allowed to depend on both X and Y——for instance we may define the function as
T(x) = |> i, x;Y;|, though we suppress the dependence on Y in our notation.




(ii) A sequence of functions 1, ...,1, where each ¥, : X x X — R satisfies the anti-
monotonicity property

W(l’ + A,l’l - A/) o W(iﬂ/ - Alvx + A) = ¢e($7$/) - ¢e($/a$)> (3)

for all A; A’ > 0. An example of a class of functions ¢ that satisfy anti-monotonicity is
Y(x,2') = f(x — ') for any anti-symmetric and monotone nondecreasing function f,
such as f(x) =z or f(z) = sign(x).

With these choices in place, our test statistic T : X™ — R is defined as?

T(X> = Z wf(wizv szz)' (4)

In order to calibrate the test, the analyst compares the observed test statistic 7' = T'(X)
with versions of 7" where indices within pairs (i, j,) are randomly swapped. Specifically, for
s € {£1}L, define T, = T(X®), where X® is a swapped version of the data vector X, with
entries
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(X5, X5,) = (X5, X)) se=—1.

{(X-S X5) = (Xi, X)) s = +1,
i)

That is, s, = —1 indicates that the random variables X;, and X, are swapped, while s, = +1
indicates no swap. Informally, the two constraints (2) and (3) ensure that, under the null,
each 1y(X;,, X;,) is likely to be no larger than its swapped version, ,(X},, X;,)—and thus,
the statistic 7' = T'(X) is likely to be no larger than its swapped copies, Ty = T(X®). If
instead T > T for many swaps s, this indicates evidence against the null. To formalize this

intuition, we define p-value for PairSwap-ICI test as

p:_2iL > {T.>T}. (5)

se{x1}L

In words, we are comparing the observed value T of the statistic, against all possible permuted
statistic values Ty that we would obtain by swapping indices within matched pairs of our
observed data X.

Our method is quite flexible, in that the analyst may select any pairs (is, j,) subject to
monotonicity (2), and any functions 1, satisfying (3), to construct a valid test. In particular,
they can decide on these aspects of the test after exploring the data Y, Z, choosing to include
a pair (ig, je) if the data observed in Y indicates that X;, > X, would be likely under the
alternative. However, the quality of the matches (is, j,) and functions 1, affects the power of
our test; we discuss effective strategies for designing a statistic 7" in Section 3.

Example: a linear test statistic. Before proceeding, we give a simple example of a test
statistic that we might choose to use: consider a linear test statistic,

T(x) =) B

2Again, as for marginal permutation tests in Section 1.2, here we suppress dependence on Y and Z in the
notation T'(x), even though this statistic does depend on Y and Z through the choices of the matched pairs
(¢, 4¢) and functions 1.



for some coefficients 5; € R. This function can be used as the test statistic for the
PairSwap-ICI test, as long as the coefficients satisfy

Bi, > 3, for each £ € [L]. (6)

To see why, first note that without loss of generality we can take (5; = 0 for all i €
n) \ {i1,71,-.-,i5,71}, i.e., all data points not belonging to any of the L pairs. This is
because the indicator 1 {7y > T'}, appearing in the computation of the p-value, is invariant
to these terms. Next, define

¢€($7 QZ'/) = ﬂizx + /ngl‘/?
which satisfies (3) because for any A, A’ > 0 with z,2/,x + A, 2’ — A’ € X', we have

Yo(x+ Aya' = A" — (2 — Ao+ A) — Py, ") + o2, ) = (i, — B;,)(A+ A") >0

by our assumption that ;, > f;,. We then have T'(x) equal to the test statistic defined
in (4).

We remark that choosing such a test statistic is by no means implying an assumption that the
dependence between X and Y follows a linear model —it may be the case that the statistic
T(x) = B'x has good power for distinguishing the null from the alternative even if a linear
model is only a coarse approximation to the true model.

2.1 Validity

Our first main result is that our method yields a valid test of HCT.

Theorem 1. Under H®', the conditional Type I error of the PairSwap-ICI test satisfies
P{p<a|Y,Z} <« foralacl0,1]. In particular, the test enjoys marginal error control:
P{p <a} <a foralla.

Our proof of Theorem 1 formalizes our intuition at the start of this section, making use
of the fact that, under the null, ¢,(X;,, X;,) tends to be smaller than its swapped version

Ye( Xy, Xiy)-

Proof of Theorem 1. Our proof is split into three steps. First we derive some deterministic
properties of the p-value p. Next, we compare to the sharp null, where the pair X,,, X;, are
identically distributed (rather than stochastically ordered). Finally, we examine the validity
of the test under the sharp null.

Step 1: some deterministic properties of the p-value. First, fix o € [0,1] and define
a function p : R™ — [0, 1] as

P =5 3 T{TRS) 2 TR}, @

se{x1}L

so that the p-value p in (5) can be written as p = p(X). For each s € {£1}*, we can observe
that the value p(x®) is simply computing the quantile of T'(x®) among all possible swapped



statistics, (T(x%) :s' € {£1}F). Consequently, it holds deterministically that

o Y 1) <o} <a ©

se{+1}L

(Lemma D.24 in the Appendix verifies this bound, for completeness.)

In addition, we claim that p(-) is monotone in its coordinates, namely, p(x) is nonincreasing
in each ;,, and nondecreasing in each z;,. To see why, for each s € {1}, we can calculate

L
IL{T(XS) }_ 1{ Z QW ZL‘,[,SEN Z 77” x]wxu = Z Ilwxje }

l:sp=+1 l:sp=—1

=1 { Z (wf(xizvxje) - wﬁ(szvxie)> < O} :

6:54:—1

By the anti-monotonicity condition (3) on t,, this function is nonincreasing in each x;,, and
nondecreasing in each z;,, and therefore the same is true for p(x) as well.

Step 2: compare to the sharp null. For each i € [n], let P, = Px|z(- | Z;) denote
the null distribution of X; (after conditioning on Y,Z). By Assumption 1, we know that
P;, <4 Pj, for each pair ¢ € [L], where <4 denotes the stochastic ordering on distributions.
Next, we also define distributions P, for each £ € [L], given by the mixture

_ 1 1
P = §Ple + §Pje‘
In particular, then, B
-F)’Zg jst PZ jst P]/» 14 € [L] (9)

We will now compare the observed data values, whose distribution (conditional on Y, Z) is
given by
X = (X17~'-aXn) ~ P x--- XPn,

against a different distribution,

Xﬂ = ((Xti)lv"'7(Xﬁ)n) ~ (Pﬁ)l X X (Pﬁ)na

where the distributions (FP;); are defined by setting

(B)i, = (Py)j, = P

for each ¢ € [L] (and, for any index i € [n]\ {1, j1,...,45,jr} that does not belong to any of
the L matched pairs, we simply take (FP;); = P;). We can think of this alternative vector of
observations as being drawn from a sharp null, because for each pair ¢, the random variables
(X4)i,, (Xy);, are identically distributed (rather than stochastically ordered, as for X;,, X, ).
In particular, this implies that for any s € {1}%,

(X)® £ X, (10)



after conditioning on Y, Z.

In Step 1, we verified that the function p(x) is nonincreasing in each xz;,, and nondecreasing
in each z;,. In particular, combined with the stochastic ordering (9), this means that
p(Xy) =5t p(X) (conditional on Y, Z). We therefore have

P{p<alY,Z} =P{p(X)<a|Y,Z} <P{p(Xy) <a|Y,Z}.

From this point on, then, we only need to verify the validity of the p-value p(Xy) computed
under the sharp null.

Step 3: validity under the sharp null. For data X; drawn under a sharp null, we have

Pp(X) <o Y.Z =5 3 F{((X)) <a|Y.2)
se{+1}L
=k QLL > 1{p((Xy)°) <a} | Y.Z| <o,
se{£1}L

where the first step holds by (10), while the last step holds by the deterministic calculation (8)
from Step 1. O

The p-value constructed in (5) requires computing Ty = T'(X®) for all 2 values of s € {—1,1}%,
which may be computationally prohibitive for moderate or large L. In practice, it is common
to use a Monte Carlo approximation to the p-value: we sample sV, ... s & Unif({£1}%),
and then compute

1y 1T 2T

b= 1+ M
The extra ‘14’ term appearing in the numerator and denominator is necessary to ensure error
control for this Monte Carlo version of our test (Davison and Hinkley, 1997; Phipson and
Smyth, 2010); in particular, this correction ensures we cannot have py; = 0. The following
theorem verifies that this version of the test also controls the Type I error.

Theorem 2. Fiz any M € N. Under HI', it holds that P{py < |Y,Z} < « for
all a € 10, 1], and consequently, P{py < a} < a.

3 Designing a powerful PairSwap-ICI test

In this section, we construct a principled, powerful implementation of our test, by designing
concrete choices for the pairs (i, j;) and the functions v, introduced in Section 2. Throughout,
we will restrict our attention to test statistics 7'(x) of the form

T(x) = waw(xiwxje>' (11)



That is, in the original definition of the test statistic (4), we take 1,(-) = w(-) for some
sequence of non-negative weights w = (wy)X_, and some fized kernel 1), which is required to
satisfy the anti-monotonicity condition (3).

With this simplification, designing a test statistic now requires specifying the kernel ),
deciding which pairs (i, j,) are matched, and finally, how much weight w, to assign to each
pair, as depicted in this flowchart:

Kernel ¢ H Matching M = {(i¢, jo) }1, Weights w = (wy)L_,

As guaranteed by Theorem 1, our test controls the Type I error for any choice of ¥, M and w,
subject to the conditions (2) and (3) outlined at the start of Section 2. However, for the test
to be effective, we need to tailor these choices to the specific application of interest. Of course,
all of these choices interact with each other: what constitutes a good matching depends on
how we choose the weights, and vice versa.

3.1 Specifying the kernel v

We begin by considering several simple options for the kernel ¢. As a first example, consider
Y(z,2") = x — 2. This choice of ¢ means that 1(X,,, Xj,) is likely to be < 0 under the null
(since Z;, < Z;,), but under the alternative, may be likely to be large (if the pair (i, j,) is
chosen wisely). Of course, we also allow for nonlinear test statistics to handle a broader range
of settings. If X has heavy tails, then the distribution of a linear statistic 7" can be very
sensitive to extreme values. We can ameliorate this sensitivity by using ¢ (x, z) = sign(x —2'),
or Y(z,2') = (=K) V (x —2') A K (i.e., the truncation of z — 2’ to some bounded interval
[— K, K]) for some constant K > 0.

Example: a linear test statistic, revisited. To give more motivation for these simple
choices, we will now see that a PairSwap-ICI test run with any linear test statistic T}, (x) =
>, Bir;, can always be expressed in the form (11) with the linear kernel ¢(z,2’) = x — 2.
To see why, define

Biz — Bje

W= —F

2
(and note that we must have wy > 0 due to (6)). Then we can write

Tiin(x) = T'(x) + Toym(x),
where T is defined as in (11), and where the term
~ B, + 5
Tsym(X) = Z %(wie + xje) + Z Biw;
t=1 i€[n\{i1,j1,msin gL}

is symmetric in the pair (z;,,2;,) for each ¢. Thus Tiym,(x®) = Tyym(x) for any x and any
s € {1}, Tt follows that

1 {(ﬂin)s Z ﬂin} =1 {Ts Z T}



for every s—that is, the p-value p defined in (5) is identical if we use the test statistic T of
the form (11) in place of the original linear test statistic Ti,.

3.2 Oracle strategies for choosing the matching and weights

We now build intuition for how to choose the matching M and weights w effectively by
sketching the asymptotics of our test, assuming some oracle knowledge (or estimates) of
the data distribution. Let us consider any statistic 7" of the form (11). Throughout this
section, the kernel 9 is a fixed function, and we wish to choose the weights w = (wy)er) and
matching M = {(ir, je) }seqr) to maximize the power of our test. Given the data (X, Y Z),
the reference statistic 75 is a sum of L independent random variables. Under some regularity
conditions on the weights w and the function v, a central limit theorem (CLT) approximation
gives, for large L, that

%@(T) where T=7T o ZE 1w€¢( i Xj,) 7
\/zf 1w lw )2

and where ® denotes the standard Gaussian survival function, i.e., ®(t) = 1 — ®(t), where
® is the standard Gaussian distribution function. The above approximation holds for
fixed X,Y,Z and relies only on the CLT approximation for a weighted sum of L independent
signs s1,...,s; € {£1}.

The above calculation tells us that we should aim to choose weights that maximize the
approximate probability of rejection, P{@(T} <a ‘ Y, Z}, in order to achieve the best
possible power. Under some conditions this conditional power can be further approximated

(b( Zngl w/lE W(XmX ) 1Y, Z] _ (I)—l(a)) (12)
VL wiVar (0(X,,, X,,) | Y. 2)

(see Theorem C.12 in the Appendix for a closer look at this approximation). The following
lemma shows how to maximize this approximation over the weights, treating the matching
M as fixed.

Lemma 3. Assume that Var (Ve(X;,, X;,) | Y,Z) > 0 for ¢ € [L]. Considered as a function
of w= (wy,...,wr) € [0,00)F, the function in (12) is mazimised by the choice

max {E [¢(X;,, X;,) | Y,Z],0}
Var (1(Xi,, X;,) | Y, Z)

*

wEZ

(13)
for € € [L].

Using a plug-in estimate for the moments. In Lemma 3, the oracle weight vec-
tor w* depends on the conditional expected value and variance, E [¢(X;,, X},) | Y, Z] and

Var (¢(X;,,X;,) | Y,Z). In practice, we will assume that we have access to estimates E;; of

E[(X;,, X,,) | Y,Z] and Vj; > 0 of Var (¢(X;, X;) | Y, Z), for each i,j € [n], constructed
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from data that are independent of X. For example, these might be obtained from a fitted



model for the conditional distribution of X given Y, Z constructed using a separate data
set (e.g. via sample splitting). For the linear kernel ¢ (x, 2") = x — 2/, this would amount to
estimating the first two moments of X; | Y;, Z; for i € [n], whereas if ¢(z,2") = sign(z — ),
then we would need to estimate P{X; > X, | Y, Z;, Y}, Z;} for distinct indices 4, j. With
these estimates in place, we can seek to maximize the power of our test by choosing weights

HlaX{Eieje, 0}

Wy =
Vi

eJe

for ¢ € [L].

Choosing the matching. In the oracle setting, once we fix the choice of weights as in (13),
the estimator (12) of the test’s conditional power is maximized by solving a maximum-weight
matching problem, namely that of finding

2 max {E [w<X27X]) ‘ sz] 70}
M* € argmax W)~ where W = . (14)
MEMn(Z) (iJz)G:M( ) ! Var (V(X;, X;) | Y, Z)

We then run PairSwap-ICI with this oracle matching M*  and with weights w, = W for

s tede
each pair (i, j,) € M*.

Similarly, using the plug-in estimates, the conditional power is approximately maximized by
finding

M € argmax Z W7 where Wy; = M. (15)
MEMn(Z) ;52 Vis

To run PairSwap-ICI, we then take weights w, = W;,;, for each pair (i, j;) € M.

The plug-in matching M can be computed in polynomial timeA(Edmonds, 1965; Duan and
Pettie, 2014). Specifically, if m = [{(i,j) : Z; < Z;}|, then M can be computed in time
O(mn + n*logn) using an algorithm of Gabow (1985).3

3.3 Heuristic strategies for choosing the matching and weights

Above, in Section 3.2, the test statistic 7'(x) was designed with the aim of maximizing the
power of our test, but with the assumption that we have access to substantial knowledge
about the distribution of the data—for instance, we have been able to fit a model for the
distribution of (X,Y, Z) using a separate data set. Of course, an accurate estimate of the
true model can enable a very powerful test (since we have a good approximation of the
alternative that we are testing against), but in some settings the approach of Section 3.2
may not be practical, either because we are not able to reliably approximate the distribution
of the data, or because the required computations are too costly (in particular, the oracle
matching strategy).

3For our experiments in Sections 5 and 6, we use the Python package networkx (Hagberg, Swart and Schult,
2008), which uses the Blossom algorithm (Edmonds, 1965) and runs in time O(n?).

10



In this section, therefore, we take a completely different approach: we will propose an
extremely simple scheme for designing weights w, and two easy strategies for choosing a
matching M, that do not require extensive prior knowledge or costly calculations. Of course,
this will come at some cost in terms of the resulting power of the test, since we are no longer
mimicking an oracle test—but, as we will see in both our theoretical guarantees and our
empirical results below, these simple strategies can often attain high power nonetheless.

Throughout this section, we will restrict our attention to the one-dimensional setting, Z C R,
and will also choose the kernel ¢(x, 2') = x — 2’ when defining our test statistic as in (11). We
will work in the setting where we hypothesize that, under the alternative, there is a positive
association between X and Y even after controlling for Z (of course, if our hypothesis is a
negative association, we can follow an analogous strategy). The idea is simple: we will take
pairs (g, j¢) such that

o Z;,, < Zj, (as required for validity), but Z;, = Z;,; and

e YV, > Y], (so that, under the alternative, we expect X;, > Xj,).

3.3.1 A simple weighting scheme

We begin by defining a mechanism for choosing the weights: we will take
Wy = (}/iz - Yje)+7

the difference in Y values (if this difference is positive for the pair (i, j¢))-

Why is this simple strategy a reasonable choice across broad settings? Our test statistic 7'(X)
is given by

T(X) = Z (i, = Y5,) - (X5, — Xj,).

4:Y;,>Y;,
Since under the alternative, we expect X;, > Xj,, this means that the expected value of T'(X)
is large and positive under the alternative (but, of course, is non-positive under the null).

To consider another motivation, let us examine a specific model. Suppose that Y has a linear
effect on the mean of X, so that

EX Y =y, Z=z]=p"Y+puz2),
and the conditional variance is constant,
Var (X | Y =y, Z = 2) = o™
Then, following the oracle strategy of Section 3.2as in (13) we have oracle weights

w — max {E [Xie - Xje | Y, Z] 70} _ max {B*(Y;i - Yv]e) + (M*Z(Zle) — M}(Zje))v 0}
¢ Var (X;, — X, | Y, Z) 20+2

*

~ 25_*2 maX{(Yie - Y)e)ﬂ 0}7

where the last step holds since we have assumed Z;, = Zj, in our choice of the pair (and
so uy(Z;,) ~ wy(Z;,) likely holds). But crucially, our test is invariant to rescaling the
weights—that is, choosing weights w, = maX{Y@Z -Y;, 0} is equivalent to choosing weights

M max{(Y}e -Y;,), 0}, and thus is nearly equivalent to the oracle weights.

25%*2
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3.3.2 Two simple matching schemes
Next, we propose two matching strategies that, again, do not require any knowledge or

estimate of the model.

Neighbour matching. Our first simple matching strategy is to choose pairs that are
nearest neighbours in the list of sorted Z values.

Algorithm 1 neighbour matching

Preliminaries: sort Z values, i.e., find a permutation 7 of {1,...,n} such that

Zr()y S Zn2) S < Zpne1) < Zn(n)-

form=1,...,|n/2] do
If Yiem—1) > Yr(2m), then add a new pair to the matching,

(ie; je) = (w(2m — 1), m(2m)).

end for

This strategy ensures that, for all pairs (g, jo) = (7(2m — 1), 7(2m)) that are included in the
matching, we have Z;, < Z;, and Y;, > Y}, by construction, and moreover, it likely holds that
Z;, = Zj, (since we have chosen two consecutive Z values in the sorted list).

However, an obvious limitation of this nalve matching strategy is that many consecutive pairs
(m(2m — 1), m(2m)) in the sorted list can fail to have Y (op—1) > Yz(2m) just by chance. In
particular, if the Z values in this pair are approximately equal (as we might expect), then the
values Y (2m—1), Yr(2m) are expected to be approximately i.i.d.—which means that the event
Yrem—1) > Yr2m) will fail half the time. In other words, we are discarding approximately half
of the data—we will expect to have L ~ n/4 pairs in this matching (meaning that 2L ~ n /2
many data points have been assigned to a matched pair).

Cross-bin matching. Our next strategy is cross-bin matching, which aims to avoid the
inefficiency of neighbour matching—we aim to use (nearly) all of the data, rather than
discarding half the data as is likely the case for neighbour matching. To implement this
strategy, we will partition the list of sorted Z values into K bins, and will allow a pair of
data points to be matched as long as the Z values are in adjacent bins (rather than requiring
consecutive Z values, as for neighbour matching).

12



Algorithm 2 Cross-bin matching
Preliminaries: sort Z values, i.e., find a permutation 7 of {1,...,n} such that

Zr) < Zr2) <0 S Zrn-1) < Zr(n),
and define K bins of indices,

Ay =A{r(1),...,7(m},

Ay = {nm+ 1), ..., m(2m)},

A ={r((K = 1)m+1),...,7(Km)},

where m = |n/K|.
for k=1,...,K do

Define 741, ...,7sm as a permutation of Aj such that
Y”k,l 22 Y;‘k,m'
end for

fork=1,..., K —1do
fors=1,...,|m/2| do

1y, , >Y, . ..., then add a new pair to the matching,
(i0,J0) = (Thysy Tkt 1 mt1—s)-
end for
end for

To explain this procedure in words:

e First we group the Z values into K many bins, with each bin A; containing m many
consecutive Z values.

e Then, we attempt to match the largest values of Y in bin k with the smallest values of
Y in bin k + 1—that is, in the inner “for loop”, at step s = 1 we are attempting to
match the largest Y value in bin & (i.e., Y;, ) with the smallest Y value in bin & + 1
(ie., Y., ), and then at step s = 2 we proceed to matching the second-largest and
second-smallest, and so on.

This scheme is illustrated in Figure 1.

13
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Z
Figure 1: Demonstration of the cross-bin matching scheme described in Algorithm 2.

Why do we expect that this strategy will be more powerful than the simpler neighbour
matching strategy? At a high level, while neighbour matching is expected to discard around
half of the data, the cross-bin matching strategy can potentially assign nearly all data points
to a matched pair. However, there is a potential tradeoff: while the pairs produced by
both strategies will likely satisfy Z;, ~ Z;,, this approximation will be closer to equality for
neighbour matching (where pairs consist of consecutive Z values) than cross-bin matching
(where pairs consist of Z values in neighbouring bins, i.e., they may be up to 2m positions
apart in the sorted list). If m is not too large (i.e., the number of bins K is not too small),
though, this difference is hopefully negligible. We will examine both methods theoretically in
the following section and will see these tradeoffs in more detail.

4 Power analysis

In this section, we study the power of PairSwap-ICI test under the following general model.
We assume that the data (X,Y,Z) = (X;,Y:, Zi)icn] % P is drawn according to

X =uY,Z)+¢, (16)

where p : Y x Z2 — R (applied componentwise) is a measurable function, and with
(Yi, Zi)iem) S Py,z drawn independently from ((;)icp s P;. We suppose that P has
mean 0 and unknown variance o > 0. Throughout this section, we also assume that the
statistic 7" admits the form in (11) with ¢ (z,2") = x — 2, and we restrict our attention to the

setting YV = Z = R; the partial ordering < for Z will simply be the usual ordering < on R.
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Defining isotonic signal strength (ISS). Before stating the results on power under
this signal plus noise model, we first introduce some notation. We denote by Ciso the set of
non-decreasing functions on R and then, we define

155, = inf Epy, ([0(Y.2) ~ g(Z)l). 188, = inf |u(Y.2)~g(Z)ar (17

g€Ciso

referring to them as the oracle and empirical isotonic signal strength respectively (here g(Z)
is applied componentwise). In particular, under the null, we would have ISS,, = I/S\Sn =0
(since we can simply take g to be the true mean function, which does not depend on Y'),
while under the alternative these quantities might be large.

Preview of results. To analyze the performance of PairSwap-ICI testing procedure, we
study the power conditional on Y and Z, i.e. P{p < «a | Y,Z}, and we demonstrate how
this power is characterized by the isotonic signal strength quantities ISS,, and I/S\Sn. The
organization of this section is as follows.

e In Section 4.1 we study the asymptotic upper and lower bound on the power of oracle
matching (as defined in Section 3.2), conditional on Y and Z, and establish that the
empirical quantity I/S\Sn governs their behaviour. The same guarantees also hold for the
plug-in matching strategy defined in Section 3.2, as long as the estimate /i is consistent.
Qualitatively, this implies that we can have non-trivial power guarantees against the
alternatives with large isotonic signal strength.

e Next, in Section 4.2, we show that the converse also holds, i.e., one can not distinguish
the null class from the alternatives with small isotonic signal strength. More precisely,
if the oracle quantity 1SS, is too small, then no valid testing procedure for H°' can
have non-trivial power.

e Finally, in Section 4.3, we specialize our power guarantees to the special case of
partially linear Gaussian models. We show that even without the knowledge of i or an
approximation for the same, we can achieve near-optimal power guarantees with some
of the more practical matching algorithms from Section 3.3.

4.1 ISS dictates the power of oracle matching

Below, we study the best-case performance of PairSwap-ICI procedure, specifically the
asymptotic behaviour of the conditional power for oracle matching. In particular Theorem 4
provides asymptotic upper and lower bounds on the conditional power P{p < a | Y,Z} of
oracle matching under the following framework: we assume that the distributions Py, z and
P; in (16) are independent of the sample size n, while the regression function pu(-,-) does
depend on n; however, we suppress the dependence of n in our notation for simplicity.

Theorem 4. Suppose that 1SS, > 0 and that (Y, Z)|oo V |0(Y,Z)||2, = OP(I/S\Sn). Then,
under the model (16), the conditional power of oracle matching with o € (0,1/2) satisfies

ISS,, -

g

@(I/S\S" &)1(04)) —op()<P{p<al|Y,Z} < q)(

N @1(04)> +op(1). (18)
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We observe that I/S\Sn /o, which can be interpreted here as the signal-to-noise ratio, dictates
both the upper and lower bound. We also notice that the upper and lower bounds on
conditional power match up to a factor of 2—in fact, this factor is unavoidable without
imposing further model assumptions (e.g., symmetry of u(Y, Z) conditional on Z, as we will
discuss in more detail in Appendix C.4.3).

Remark 1. While the asymptotic lower and upper bounds require that (||u(Y,Z)|e V

(Y, Z)Hﬁo)/I/S\Sn = op(1), we remark that this is a natural assumption on the quality of
matching. For example, if X is bounded, then ||u(Y,Z)||l V |1(Y, Z)||% = O(1)—and so for
this assumption to hold, it is sufficient to require I/S\Sn — 00, i.e., the amount of signal in the
data increases with n.

Power guarantees for plug-in matching with an estimate of ;. Now, we shift our
attention to the more practical setting, where we do not have the oracle knowledge of u.
A natural solution is data splitting—i.e., we learn an estimate ji on one random split of
the data, and then implement PairSwap-ICI test with the plug-in matching M. While
the aforementioned data splitting approach is more accurate and practical, for the sake of
simplicity, in order to state the following result, we assume that we have an independent data
where we can learn ji. Finally, under suitable consistency assumptions on i, we can recover
the power guarantees in Theorem 4.

Theorem 5. Consider the setting and assumptions of Theorem 4. Suppose we use plug-in
matching M with an estimate i constructed based on independent data, where [i satisfies

140X, 2) ~ W(Y, Z)ls = 0p(85,), (Y. 2) — u(Y, )|, = op(15,).
Then the conditional power of the PairSwap-ICI satisfies (18) for a € (0,1/2).

4.2 1SS characterizes hardness of testing the null H}“!

While I/S\Sn governs the asymptotic upper and lower bounds on power in 4 and 5, the
relationship between ISS,, and power extends beyond the PairSwap-ICI test. Here, we
establish this connection formally. In particular, we will see that the quantity ISS,, determines
which alternative models are distinguishable from the class of null models, via any valid
testing procedure. Towards this goal, we start with a simple total-variation calculation to
give an upper bound on the power function of any valid test.

Proposition 6. Fiz a € (0,1). Fiz any test ¢ that controls false positives at level a, i.e.,*

¢ (X xR xR)" —[0,1] such that sup Ep[¢(X,Y,Z)] < a.
PeHI!

Then for any distribution Pxy z,

]EPX,Y,Z [¢(X> Y’ Z)] <a+ inf drv (P)? Y,Z> Q} YZ) :
Qx,y,z EH! ’ o
4Traditionally, we think of a hypothesis test ¢ as a map from data to a decision, i.e., (X,Y,Z) € {0,1}.
Why, then, do we define tests ¢ as mapping to the space [0,1]? This is because, in some settings, we may
want to consider randomized tests—for instance, in the notation above where ¢ maps to [0,1], an outcome
?(X,Y,Z) =0.75 represents that, given the data, our randomized test rejects the null with probability 0.75. Of
course, a nonrandomized test is simply a special case, obtained by restricting the output of ¢ to lie in {0, 1}.
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This last total variation term is the distance of Py y,z from the null class H(I]CI, meaning the
closer P is to null models, the harder it will be to get non-trivial power against P. While
in general it is hard to derive exact expressions for the total variation term, under some
additional model assumptions on P, we can come up with interpretable upper bounds for the
same. Two such examples are listed below.

e Gaussian setting: In the first example, we consider a special class of Gaussian
alternatives, which is given by (16) with P = N(0,0?) for some ¢ > 0. In this special
case, ISS,, gives a meaningful upper bound on the offset total-variation term, up to a
constant.

Corollary 7. Suppose, Pr = N(0,0?) and (X,Y,Z) satisfy (16). Then

ISS,,

inf  dpy (P)?,Y,Za QT)L(,Y,Z) < 20’

Qx,y,z€HC!

and consequently, for any test ¢ that controls Type I error at level a,

ISS,,
Ep[0(X. Y. Z) Sa+ "

e Binary setting: Now, suppose X, Y, Z are generated from the model Py y  given by

Xi~ Ber(u(Yi, Z))), (Y1, Z1),+ , (Ya, Zu) = Prz. (19)

Here as well, ISS,, leads to a very interpretable upper bound on the power of our test,
as long as p(Y, Z) is almost surely away from the extremities, i.e., 0 or 1.

Corollary 8. Suppose (X,Y,Z) satisfy (19) where (Y, Z) € (¢,1 — €) almost surely
for some € > 0. Then

. 1 1/2
inf dTV (P)?,Y,Z7 QnX,KZ) S (ﬁ) ISSn,

Qx,v,z€H! 1—c¢

and consequently, for any test ¢ that controls Type I error at level a,
1 1/2
E X, Y,Z) < _— ISS,,.
P Y. 2] <ot ()

To summarize, an appropriate signal-to-noise ratio determines the extent to which a test can
outperform the trivial test that rejects the null H{! with probability a without using data.
Consequently, in both examples, no valid test can achieve non-trivial power when ISS,, is
negligible relative to the noise in Px|y,7.

Note that this characterization relies on the oracle quantity ISS,,, while the conditional power
of the PairSwap-ICI test is determined by the empirical version, ISS,,. We would expect
that, under mild conditions, ISS,, ~ I/S\Sn (i.e., a concentration property should hold, as long
as n is large)—we can therefore interpret ISS,, as characterizing the power, both in terms of
upper and lower bounds, at least for certain cases.
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4.3 Near-optimal power guarantees without knowledge of u

The asymptotic upper and lower bounds on conditional power from Theorems 4 and 5 require
either oracle knowledge of 4 or an independent estimate of ;1 whose Euclidean norm error
is small by comparison with ISS,,. If this side information is not available, then a natural
question arises: can near-optimal power guarantees be achieved with some of the simpler and
more practical matching schemes from Section 3.37

The aim of this subsection is to show that this is indeed possible, under some additional
assumptions on the model class (16). Specifically, consider the class of partially linear
Gaussian models given by

(X,Y,Z) satisfy (16) with Pr = N(0,0%), u(Y,Z) = uo(Z) + 8. Y (20)

for some o € Ciso (applied componentwise) and some 3, € [0,00). We also assume that
Y is a bounded and mean-zero random variable, with |Y| < 1. Note that puq is a fixed
function, and so the dependence on n of the distribution of (X,Y, 7) is solely through f,,.
The following lemma relates ISS,, to a more interpretable quantity, namely the expected
conditional variance of Y given Z.

Lemma 9. Under the model class (20),
VB, (EVar (v | 2))* (14 0p(1)) <SS, < VB,

We can draw several conclusions from this result. By Lemma 9 and Corollary 7, no valid
test can achieve asymptotically non-trivial power against an alternative in the model class
(20) when 3, = o(1/4/n). From this point on, then, we will consider the regime 3, = 1/y/n.
Another consequence of Lemma 9 is that the asymptotic lower bound on the conditional
power of oracle matching in (18) further simplifies to give

ar 1/2 B
Plp<alY,2)> @(«M{EW s Z”} —<1>—1<a>> Cop(l). (21)

202

Next, we aim to show that practical matching schemes, such as neighbour matching and
cross-bin matching, can achieve conditional power at least as good as the lower bound above.

Theorem 10. Let 3, = 1/+/n, and assume that po(Z) is a sub-Gaussian random variable.
Then the conditional power of neighbour matching (Algorithm 1), implemented with kernel

U(x,2') =z — 2 and weights wy = rnauX{Y;Z -Y;, O}, satisfies

Plp<al .2 - o vas{ S Z”}m - <i>—1<a>)\ —op(1).

402

Notably, the conditional power of neighbour matching matches the lower bound from (21) up
to a factor of 2. This factor arises due to the inherent inefficiency of neighbour matching:
as discussed in Section 3.3, we have seen that neighbour matching discards roughly half the
data, which explains the extra factor of 2.
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To avoid this loss of a factor of 2, we now consider the cross-bin matching strategy, which
will typically assign nearly all data points to a matched pair. Consequently, the power of
cross-bin matching can then meet the lower bound in (21).

Theorem 11. Consider the setting as in Theorem 10. Then, the conditional power of cross-bin
matching (Algorithm 2) with K o \/n many bins, implemented with kernel ¢ (x,x') = x — 2/,
weights wy = maX{Yie -Y;, 0}, satisfies

ar 1/2 B
Plp<olY.Z} > <x/ﬁﬂn{EW o Z”} - @—1<a>> —op(1)

202

under suitable smoothness assumptions (stated formally in Theorem C.14).

In particular, this result matches the lower bound in (21), without an additional factor of
2 as for neighbour matching. (While the above result provides only an asymptotic lower
bound on the conditional power of cross-bin matching, under additional assumptions we can
characterize the power more exactly—see Appendix C.4.)

5 Simulations

In this section, we evaluate the performance of our method on simulated data, and compare
the matching strategies from Section 3.3. For simplicity, we focus on the univariate case
Z =R. We will test two versions of the PairSwap-ICI method:

e Neighbour matching (Algorithm 1), with the linear kernel ¥)(z, 2’) =  — 2’ and weights
wy = max{Y;, — Yj,,0} as discussed in Section 3.3;

e Cross-bin matching (Algorithm 2) with K = 2 Lnl/ QJ bins, again with the linear kernel
Y(z,2") = x — 2’ and weights wy = max{Y;, — Y},,0}. This particular choice of K is
motivated by Theorem 11, which suggests choosing K o 1/n bins in order to achieve
competitive power with neighbour matching.

5.1 Conservativeness under the null A

Theorem 1 establishes valid, finite-sample Type I error control for our method. The purpose of
this section is to evaluate how conservative the Type I error is under various null distributions.
Because our inference relies on the fact that matched pairs (X;,, Xj,) are stochastically
ordered under the null, intuitively the conservativeness of our test depends on the strength of
monotonicity in the conditional distribution.

To see how the dependence between X and Z affects the rejection probability, we sample X
from an additive noise model

XY, Z ~N(u(v2),1),

where Y, Z are independent standard normal random variables. As long as p is nondecreasing
and v > 0, this joint distribution belongs to the null H{°!. The scalar v controls the strength
of the monotonicity of X | Z. In particular, as v | 0 we expect the Type I error P{p < a} to
approach a.
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In our simulations, we consider two functions p, the identity p(z) = z and the Gaussian CDF
w(z) = ®(2). Figure 2 shows the Type I error as a function of v for two levels of a. We
observe similar results for each «, where the test typically becomes more conservative as ~
increases, as expected. Under the null, our test is more conservative for cross-bin matching
than for neighbour matching, since the Z values are further apart in cross-bin matching.

Setting 1: X = yZ + noise

a= 0.01 a= 0.05 a= 0.1
0.15
—&— Neighbor

_S —8— Cross-bin
5 0.10
)
o
Y
© 0.05
Qo
o
o

0.00 |

oY A0 od oM ~ o9 0.1 1.0 10.0
ps ps
Strength of stochastic monotonicity y
Setting 2: X =®(yZ) + noise
a= 0.01 a= 0.05 a= 0.1
0.15
—&— Neighbor

_S —8— Cross-bin
5 0.10 - - =
)
o
Qo
o
= e ——fr—y——e—3p

0.00 | - -

oY A0 \/09 oN ~ \,0«0 0.1 1.0 10.0

Strength of stochastic monotonicity y

Figure 2: Simulation results illustrating Type I error control under the null H®' for two
forms of the conditional mean E [X | Z]. Each subplot shows the rejection probability of
PairSwap-ICI test on data set of size 1000, averaged over 10* simulation trials, as a function
of the strength of stochastic monotonicity ~.

5.2 Power under alternatives

In Section 4.3 we showed theoretically that our heuristic methods—mneighbour matching and
cross-bin matching—achieve high power (in fact, power that tends to 1) in the partial linear
model (20) provided the signal 3, exceeds the detection threshold n~'/2. In this section, we
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Figure 3: Simulation results demonstrating power for two alternatives at level a = 0.1. Each
subplot shows the rejection probability, averaged over 10? simulation trials, as a function
of the sample size n. Columns correspond to different relationships between Y and Z. In
each setting, X follows a Gaussian linear model with mean f3,,Y +~Z, where 3, = n~'/3 and
v = 0.5 (above) or v = 2 (below).

now examine this setting empirically. We sample data from the Gaussian linear model
X |Y.Z ~ N(BY +72.1),
with £, = n~1/3. The pair (Y, Z) is drawn from a bivariate Gaussian
Vol Y]
pyz 1

Figure 3 shows the power as a function of the sample size n for various choices of v and
pyz. In Setting 1, we set v = 0.5, and cross-bin matching uniformly dominates neighbour
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matching because it allows us to make many more matches of similar quality. On the other
hand, in Setting 2 we set v = 2, so the strong dependence of X on Z means the quality of a
match (i, jo) degrades much more quickly as the gap Z;, — Z;, increases—that is, for cross-bin
matching, where Z;, and Z;, may be farther apart than for neighbour matching, this gap
may lead to conservativeness that results in a loss of power. However, with sufficiently large
sample size, cross-bin matching performs at least as well as the neighbour matching. This is
because the bin width decreases as n increases, so the quality of the cross-bin matches rivals
that of the neighbour matches (with many more matches). The dependence py, between Y
and Z does not have a major impact on the power of these two methods.

6 Experiment on real data: risk factors for diabetes

In this section, we evaluate the performance of our proposed testing procedure on a real
data set in three different experimental setting. The PairSwap-ICI method is implemented
with the heuristic neighbour matching or with cross-bin matching (with K = 50 bins),

and our statistic 7" takes the form in (11) with linear kernel ¢(z,z’) = z — 2’ and weights
wy = max{Y;, — Y}, 0}.

We use a data set® on the incidence of diabetes among the Pima population near Phoenix,
Arizona, originally collected by the US National Institute of Diabetes and Digestive and
Kidney Diseases. The data set contains 768 observations, and it includes information on
whether each of the patient has been diagnosed with diabetes according to World Health
Organization standards. Additional variables provide data on the number of pregnancies,
plasma glucose concentration, diastolic blood pressure, triceps skinfold thickness, 2-hour
serum insulin levels, body mass index (BMI), diabetes pedigree function and age.

It is well-known that the likelihood of developing diabetes increases with age (e.g., the CDC®
lists advanced age as one of the risk factors for type 1 and type 2 diabetes). Therefore, if
we choose X to represent the incidence of diabetes and Z as the age of the patient, then
we would expect X to exhibit stochastic monotonicity with respect to Z (i.e., we expect
that Assumption 1 holds, at least approximately). This is supported by the increasing trend
we observe in Figure 4. Most of the other variables, such as BloodPressure, BMI, Glucose,
and Pregnancies, are also considered potential risk factors for diabetes, as visualized in
Figure 5—but does this association remain after we control for age? In this experiment, we
aim to determine whether these variables remain significant risk factors for diabetes, even
after controlling for age.

Experiment 1: marginal independence testing: In our first experiment, we consider
six variables: Pregnancies, Glucose, BloodPressure, SkinThickness, Insulin, and BMI,
and aim to assess whether each of them is an individual risk factor for diabetes incidence.
Specifically, we test the hypothesis Hy : X L Y, where Y represents one of the six variables
listed above, while X is Diabetes (and since we are testing marginal rather than conditional
independence, we do not attempt to control for Z, i.e., Age). For this purpose, we will be

5The data for this experiment were obtained from https://www.kaggle.com/datasets/uciml/
pima-indians-diabetes-database. Additional data descriptions can be found in Smith et al. (1988).
6For more details, refer to the list of diabetes risk factors from U.S. Centers for Disease Control and Prevention.
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Figure 4: A scatter-plot (jittered for better visibility) of Age and Diabetes Incidence along
with the fitted logistic regression model to demonstrate the stochastic monotonicity between
them.

using the permutation test for independence with T'(X,Y) = X?Y, as outlined in Section
1.2.

Experiment 2: conditional independence testing, after controlling for age: Next,
for the same set of six choices for Y, we test the hypothesis H§' : X 1L Y | Z, where Z
denotes Age (and X is Diabetes as before). This allows us to identify risk factors for diabetes
after controlling for age. As noted earlier, we expect the distribution of X | Z = z to be
stochastically monotone in z, which supports the application of the PairSwap-ICI testing
procedure developed in this paper for this purpose.

Experiment 3: conditional independence testing, with synthetic control X: Finally,
we consider a semi-synthetic experiment where X is replaced by synthetic observations X,
generated from an estimated model for Py that satisfies stochastic monotonicity. We then
test the hypothesis Ho: X LY | Z for the same choices of Y from Experiment 1. Since X is
generated solely based on Z, the null hypothesis of conditional independence holds trivially
in this synthetic setting. Tthe validity of our procedure should therefore ensure that the
p-values generated by PairSwap-ICI are (super)uniformly distributed.

Now we give details on how the synthetic feature X is generated. Since X is binary, it suffices
to fit an isotonic regression to estimate the conditional mean I [X | Z] and then sample X
from the Bernoulli distribution with this fitted conditional mean. Following the theory of
Henzi, Ziegel and Gneiting (2021, Theorem 1), this is the best approximation for P, under
continuous ranked probability score (CRPS), while respecting the monotonocity constraint.
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Figure 5: Scatter plots of X (jittered for better visibility) and other feature variables along
with the fitted logistic regression models to demonstrate the dependence among these variables
and Diabetes Incidence.

Blood pres- | Skin thick-
sure ness

Pregnancies | Glucose Insulin BMI

Permutation test
(testing marginal indep.)
neighbour
PairSwap-ICI | matching
cross-bin
matching
neighbour
matching
cross-bin
matching

0.001(0.00) | 0.001(0.00) | 0.155(0.003)| 0.117(0.002)| 0.023(0.001) 0.001(0.00)

0.433(0.005)| 0.002(0.00) | 0.496(0.005)| 0.243(0.004)| 0.159(0.003)| 0.033(0.001

0.424(0.004)| 0.001(0.00) | 0.499(0.004)| 0.123(0.003)| 0.224(0.004)| 0.001(0.00)

PairSwap-ICI
(with synthetic
control)

0.511(0.005)| 0.499(0.005)| 0.501(0.005)| 0.506(0.005)| 0.497(0.005)| 0.499(0.005)

0.544(0.005)| 0.550(0.005)| 0.555(0.005)| 0.558(0.005)| 0.545(0.005)| 0.555(0.005)

Table 1: p-values, averaged over 3000 random sub-samples along with the estimated standard
errors (within brackets) for the different tests from different experiments, as outlined in
Section 6. The p-values significant at the 0.05 level are marked in bold.

For each experiment, we generate 3,000 random sub-samples of the data, each consisting
of half the size of the full data set. We then compute p-values using the permutation test
for marginal independence and the PairSwap-ICI test for conditional independence. For
experiments involving synthetic control, which require estimating Px)|z, the sub-sampled data
is further divided into training and test sets, with PX| z being computed in training set. For
all the experiments, p-values are computed in the test set. Finally, we report the average
p-values from the 3,000 sub-samples, along with the corresponding choice of the Y variable
in Table 1.
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Results: Under the marginal independence test, four of the six variables are identified as
having significant association with Diabetes—but, once we test conditional independence
with the PairSwap-ICI test, only two of these associations are identified as significant.
Specifically, Glucose and BMI both are identified as potential risk factors at the 0.05 level
of significance by the marginal independence test, and also by the PairSwap-ICI test, even
after controlling for Age. On the other hand, the variables Pregnancies and Insulin are
significant only under the marginal test; this suggests that, after controlling for Age, the data
does not provide sufficient evidence to support them as risk factors for Diabetes.

Finally, we also note that all the averaged p-value from Experiment 3 with synthetic control
X is concentrated around 0.5, for each of the choices of Y. Since (X Y, Z) satisfy HO!
the p-values from Experiment 3 should be roughly uniform (or, if the test is conservative,
superuniform), and thus this behaviour is expected as per the result we have established in
Theorem 1.

7 Discussion

In this paper, we have developed a nonparametric test of conditional independence assuming
only stochastic monotonicity of the conditional distribution Pxz. This nonparametric
constraint is natural in many applications, and allows us to circumvent the impossibility
of assumption-free conditional independence testing (Shah and Peters, 2020). We have
introduced a variety of approaches to constructing a valid test statistic. Our test controls
the Type I error in finite samples and has power against an array of alternatives. We close
our discussion with some interesting connections to the literature, and potential avenues for
future work.

e Optimal power in general settings. Theorems 4 and 5 bound the asymptotic power of
our test above and below, where the upper and lower bounds differ by the appearance
of the constant 2 in the lower bound—as we will see in Appendix C.4.3, this difference
can be removed if we assume that the conditional distribution of Y | Z is symmetric,
but it remains an open question whether other tests (or, perhaps, the PairSwap-ICI
but with a different kernel) may be able to avoid this assumption.

e Awoiding data splitting. The oracle matching test derived in Section 3 requires modeling
the conditional mean and conditional variance of the kernel ¥(X;, X;) as a function of
Y:,Y;, Z;, Z;. We proposed to estimate these moments on a hold-out data set. Can we
instead perform cross-fitting to improve power and retain finite-sample error control?

o Alternative methods. A notable benefit of our stochastic monotonicity assumption
is that one can consistently estimate the conditional distribution Pz using isotonic
distributional regression (Mosching and Diimbgen, 2020; Henzi, Ziegel and Gneiting,
2021). Hence, an alternative approach to testing the restricted null HI! is to first
estimate this conditional distribution on one split of the data, and then run a conditional
independence test which assumes knowledge of Px|; (Berrett et al., 2020; Candes et al.,
2018). Since we are plugging in the estimated conditional distribution, such tests will
only be valid asymptotically. Is there any way to modify such tests to be valid in finite
samples?
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e Connection with knockoffs and conditional randomization tests. Creating synthetic
copies of X via pairwise swaps has resemblance to other conditional independence testing
procedures, such as knockoffs and the conditional randomization test (Candes et al.,
2018), and the conditional permutation test (Berrett et al., 2020). One difference is that
in our method, due to the stochastic ordering assumption, creating the swapped copies
of X is potentially more conservative (i.e., the resulting p-value may be superuniform),
since we are not working under the “sharp null”.

o Alternative shape constraints. We view stochastic monotonicity as one form of positive
dependence for the joint distribution (X, 7). Are there natural approaches to test
conditional independence under other models of dependence, such as likelihood-ratio
ordering or total positivity, or under other shape constraints, such as unimodality
(Karlin, 1968; Shaked and Shanthikumar, 2007; Mésching and Diimbgen, 2024)?
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A  Proof of Theorem 2

The proof of this result follows the same structure as the proof of Theorem 1.

Step 1: some deterministic properties of the p-value. Define a function py; : R x
({£1})M = [0,1] as

§(m)
o LT 2 T
puv(x;s . sy = Y )

As in the proof of Theorem 1, this function is monotone nonincreasing in each z;,, and
monotone nondecreasing in each z;,.

Step 2: compare to the sharp null. Define X; as in the proof of Theorem 1. Following
identical arguments as in that proof, we can verify that, for any fixed s, ... s™) it holds
that

ﬁM(Xﬁ; s(l), - ,S(M)) =t ﬁM(X; s(l), - ,S(M)>

conditional on Y, Z. Since pr; = par(X;sM, ... sM) by construction, we therefore have

P{py <a|Y,ZsY .. s} <P{py(Xyush, ... sM) <a|Y,Z,sY, ... s},
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Marginalizing over the random draw of the swaps, s, ... s(*) S Unif({£1}%), we therefore

have
P{pn <a|Y,Z} <P{pu(Xysh,. .. ,s™) <a|Y,Z}.

Step 3: validity under the sharp null. We now need to verify the validity of the Monte
Carlo p-value, under the sharp null. Unlike the first two steps, for this step the arguments
are somewhat different than in the proof of Theorem 1.

First, let s(¥) be an additional draw from Unif({£1}%), sampled independently from all other
random variables. Then it holds that

(s, ... st 4 (s@os, .. s o S(M)),
where o denotes the elementwise product, and so
ﬁM(Xﬁ; s ,S(M)) < Dy (Xﬁ; s@og® g0 s(M)>
conditional on Y, Z. Moreover, by construction of the sharp null data X,
d (0)
Xy = (Xg)®
holds conditional on Y, Z,s® sM ... s and therefore

DPum <Xﬁ; s@og® s S(M)> 4 ﬁM((Xu)S(O);s(O) os ... s0o S(M)>

holds conditional on Y, Z,s® s . s Combining all these calculations so far, then,
we have

P (Xg; s, s00) L5y, ((Xﬁ)sm) s@os® 500 s<M>>, (22)
conditional on Y, Z.
Next we calculate this last p-value: by definition,
L T () 2 7 (%)) }
B 1+ M

e {r (o) = 7 (0" }
B 14+ M ’

ﬁM<(Xﬁ)S(O);S(O) o S(l), . ,S(O) o S(M)>

where the first step holds since, for each m =1,..., M,

] 5(0) og(m)

S<0) S<0)OS(O)OS(m) S("”)
(xy) = (X;) = (X;)

by definition of the swap operation. In other words, the p-value py, ((Xﬁ)sm :5WosM . 5o
S(M)> is simply comparing the value of the statistic T((Xﬁ)sm)) against the list of M + 1
values T((X;)*”), ..., T((X;)*"™"). We therefore have

P {ﬁM <(Xﬁ)s(0); s®os® . s@o S(M)> <a ‘ X4, Y, Z} < a,
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since, conditional on Xﬁ,Y Z, the sign vectors sV, ... s are i.i.d., and therefore the rank

of the statistic T'((X;)*"”) among the list T((X)® 0)), . T((Xy)™) is uniformly distributed.
Marginalizing over Xy, therefore,

P {ﬁM <(Xﬁ)5(0); s®os® . s@o S(M)> <a ‘ Y, Z} <«
Finally, combining this with our earlier calculation (22), we have
P{pn(Xe;sM,... . s™M) <a|Y,Z} <q,

which completes the proof.

B Proof of Lemma 3
For ¢ € [L], let
w =B (X, X;,) | Y,Z] and v, = (Var ((X;,, X;,) | Y, Z))"".

Then by Cauchy—Schwarz, for any (wy, ..., wz) € [0,00)%,

S wB (X, X)) | Y, 2] 3w Zz y wemax{ug, 0}

\/ZeLzl w?\/ar (V(X4,, X5,) | Y, Z) \/ Zz 1wévé \/ Zﬁ 1“’@ z?

S () - e ( max{ue,of)m

\/Zz L (wevy)? —1

with equality if and only if w, oc max{u,, 0}/v} for £ € [L].

C Proof of the results from Section 4

In this section, we prove the results presented in Section 4. Throughout this appendix,
we assume that the statistic 7" admits the form in (11) with ¢(z,2’) = x — 2/, and that
Y = Z = R; the partial ordering =< for Z will simply be the usual ordering < on R. The
organization of this appendix is as follows.

e We begin in Appendix C.1 by proving finite sample and asymptotic upper and lower
bounds on the conditional power of PairSwap-ICI test for any valid matching and
weighting scheme, and any statistic 7" of the form (11) with a shared linear kernel

Y(x,2') =z — 2.

e Next, in Appendix C.2, we specialize these results to the oracle matching under two
cases: one assuming access to oracle knowledge of u (i.e., Theorem 4) and another with
w estimated from data (i.e., Theorem 5).

e Then, we shift our attention to the partially linear Gaussian models in (20). In
Appendices C.3 and C.4 we prove the asymptotic behavior of conditional power for
neighbour matching (Theorem 10) and for cross bin matching (Theorem 11), respectively.
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e In Appendix C.5 we prove the corollaries and lemmas from Section 4.

e In Appendix C.6 we introduce an oracle matching, namely isotonic median matching, and
discuss a key property of the same, which allows us to prove the results in Appendix C.2.

e Finally, in Appendix C.7 we prove the lemmas stated in Appendices C.1—C.4.

Notation. We write (X, Y, Z) as shorthand for independent triples (X;, Y;, Z;);c[n). For L =
L,, € N, a matching {(i1, 1), (i2, ja), - - -, (ir,jr)} € My(Z) and a vector V = (V4,...,V,) €
R™, we define AV = (AV,...,A;V) € RF with entries A,V := V;, — V,,. Given any
vector v, we write v to denote the vector with ith component v;; = max{v;,0}. We write
aob for the Hadamard product of vectors a, b of the same dimension, with ith component
a; - b;. For k > 1 and a distribution P on R with finite k-th moment, let

1/k
Pk = (Eg,ngg [1¢ - ﬁﬂ) - (23)
L
In particular, p, = v/20 where o2 is variance of P.

C.1 A general result on power of PairSwap-ICI test

Here, we consider any valid matching and weighting scheme, and state finite-sample lower
and upper bounds on the conditional power P{p < a | Y, Z} of PairSwap-ICI test. Further,
under the asymptotic regime of Section 4.1, we state asymptotic high-probability upper and
lower bounds for the same quantity. We first define several quantities in terms of the weight
vector w = (wy, ..., wr) € RE, 6 >0 and {p;, : k < 6}, defined in (23): let

[woAu(Y.Z)I5 , pi [Wlo , 2 [[woAu(Y,Z)|«

€16U = g
palwll p3012 [wlla  padt/? [l
eryy = oMY DG pi Wl 2 [Iwo An(Y, Z)]c
Pillwl PO |lwlla pa0!/2 lwllz
o 0.56 {(HW o Au(Y, z>||2)2/3 | <||w o Au(Y, z>||oo>”3
(L4 esn) Vv 0)3/2 p2|[wll2 p2||wl|2
1/3y 3
+(p_§||wuoo+ i ‘kuzo>/}
p3 Iwlla 01205 fIwli3
0.5603  [|W|loo
€35 = 3[’3-” les | 55 (24)
i vl

Theorem C.12. Suppose that (X,Y,Z) satisfies (16), and that w = w(Y,Z) € R" is our
chosen weight vector, which is assumed to satisfy |w||2 > 0. Write Qy := {||w o AX]|2 > 0}.
Then
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(i) For any d >0 and a € (0,1/2 — €9,4],

wiAuWY,Z) - _
@(—p ﬁifv” ) _ O (v —€25) VO) (1 + el,(w)l/?) —e35—P{Q5 | Y,Z}
2 2

wlAp(Y,Z) =

<P{p<al|Y,Z} < CI>< P O a+ ey) - ((1 +ersn)V 0)1/2) + €35,
2 2

where € 517, €151, €25, and €35 are as in (24).
(i1) Further, suppose that the weights and matching scheme satisfy
Assumption AL [[wV (|wo Au(Y,Z)[5™ - [w o Au(Y, Z)||EE*) = op(||wll>).
Assumption A2. |[wo Au(Y,Z)|2 =op(Ww'Au(Y,Z)).
Then for a € (0,1/2),

( w Au(Y, Z)

NG (@) or() <P <a | V.2)
( wiAu(Y,Z)

V2o wl.

Proof. We note that for fixed n € N, and conditional on (X,Y,Z), the quantity s”(w o AX)
is a sum of independent random variables {s; - wy - AgX}ser), and has mean 0 and variance
|w o AX]|3. Hence, writing U := %

(Shevtsova, 2010, Theorem 1) that on €,

T
]P’{S (w o AX) >
HWOAXHQ

<T>1(a)> + op(1).

1g,, we have by the Berry-Esseen theorem

b o
Hence, since p = 1 on €2f, we therefore have
- AX
[ {v> a1 ( (o056l 22Xl 0
oz ((e-osozzzp) vo) N
< IP’HU > $! ((a + O.56HW ii“i”) A 1) } M
2

Now 17(w o AX) = wIAX = wlAu(Y,Z) + wA¢ and wAu(Y,Z) is a measurable
function of (Y,Z). On the other hand, conditional on (Y, Z), the quantity w” A¢ is a sum of
independent random variables {wy - A¢¢ }eeqr), and has mean 0 and variance p3||w||3. Another
application of the Berry—Esseen theorem then yields that

P { WTAC

palwlls =

[w o AX[3

< 0.56 - .
N [w o AX3

Ip— ®(U)| < sup
z€eR

Y,z} <Plp<alY.Z}

Y,Z}.

sup
zeR

0.563 3 0.56p3 0o
2} o] < U308 I8 030 s
A WS T Il

32



Thus, recalling the events €2, and €23 from Lemma C.19 we have by that lemma that

[w o AX|[3
M A3 1 Q| Y, Z
HU ( +056||W0AX||§>/\ N | Y.
WA wiAu(Y,Z AX||, -
<P [{ ¢ > _ 1( )+Hwo H2q>—1(a+625 }ﬂQO % Z} +P{OS)
pZHWH2 pQHWHQ /OZHWHZ
TAC TA/L(Y Z) — 1/2} :|
S > — _|_(I)*1 a+ e 1+e V0 0 Y 7
[{92 w2 p2|| w2 ( 20)(( 1.5,.L) m 0
+P{Q5} + P{Q5}
wANY.Z) 0.56 .
<o(WEUED it (@ agmvo)) + 6308 Il g
el R T
wlAWY,Z) -
S @(“—) (I)_l(a/ + 62,5) : ((1 + 61757L) V 0)1/2> —+ €3,5-
p2||wll2

Similarly, recalling the events 21,25 and 23 from Lemma C.19 for the lower bound, and
writing f = Qp N2y N Qs,

- AX|[3
S §! —0. [wo 3
IP’HU_ & ((a 056—||woAX||g) Vot

Y, z}

wlA¢ WTAIU(Y Z) |woAXlsy=_, } }
>P > — — + O™ ((ov — €2,6) VO Q| Y, Z
il 2 e e (@ = v ) )0
wlA¢ wliAuY,Z) -
>P > — ’ + 0! a — €5 V0 1+€5 } Q* YZ}
U 2 (@ —en) VO I+ ase) ]
wliAu(Y,Z) - 0.5603||w||
>0 —— 2 —d ' ((a—ey5) VO (1+€1757U)1/2> — B PO | Y, Z)
( o ((a=ez5) V) AWl ;
wiAWY,Z) -
> @(# — o' ((a—€26) VO) (1 + 61757(])1/2) —e35—P{Q5| Y, Z}.
2 2

This completes the proof of the first part of the result.
For the second part, define

oo P Wl 2 [lwo Au(Y,Z)]

=op(1),
Il T a2 Wl Pl

by Assumption A1, and observe that (1 + e 50)Y2 < ™2rl¥Dl 4 (1 4 ¢ )12 and

- p2lwll2

(1+e152)Y2 > (1 —e15)Y/2. Tt follows by Assumption A1 that €55 = op(1). Moreover,

limsupP{Qf | Y, Z} <limsupP{Q5N {1+ €5, >0} |Y,Z} +limsupP{l + ¢, <0}

n—o0 n—oo n—o0

= limsupP{Q5 | Y,Z} < 26.

n—o0
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Now, €35 —5d = op(1) by Assumption Al. Thus, by Assumption A2 and part (i),

P{p<al|Y,Z}
> @(M - CID_I(()(—OP(D) <||WOA,U(Y, Z)|) n (1+0p(1))>> —op(1)=T76

pa||w |2 p2||wl|2
_of (WAYD) gy 4o 0 op(1) —
_<1>(< Wl O o) + p(1)> (1+ p(l))) p(1) =70,

and since 0 > 0 was arbitrary, the desired asymptotic lower bound holds by noting that
p2 = V20. The asymptotic upper bound follows by a very similar (in fact, slightly more
straightforward) argument. O

C.2 Proof of Theorems 4 and 5

We first consider the more practical setting where p is estimated from data, and prove
Theorem 5 using the general upper and lower bounds on the conditional power of the
PairSwap-ICI test from Theorem C.12. Theorem 4 will then follow as a special case of
Theorem 5.

Before turning to the proofs, we observe from Lemma 3 that under the model class (16) and
with the linear kernel ¢(z,2') = x — 2/, the oracle weights in (13) satisfy w} oc (u(Y;,, Z;,) —
w(Y;,, Z; )) L forle [L]. Since the p-value of our test is independent of the scales of weights,
we may take w* = Ap™(Y,Z). When we do not have access to oracle knowledge of i, we
assume that we are able to learn estimates f and ¢ of u and o respectively from a prior
dataset Dpyior, independent of (X,Y,Z). With these estimates in place, the plug-in weights
satisfy e o< (W(Ys,, Zi,) — (Y5, Z; )) i.e., we may take w = Au*(Y,Z).

Given (Y,Z) € R" x R", we define

fuso(Y, Z) = argmin [|u(Y, Z) — g(Z)||2, (26)

g€Ciso

the empirical isotonic Euclidean projection of p onto Ciso.

C.2.1 Proof of Theorem 5

Our proof is split into three steps. First we establish a key property of the oracle matching M*
and use this to deduce relative error properties of fi. These in turn enable us to show
that Assumptions A1l and A2 of Theorem C.12 are satisfied by M and weight vector
w = At (Y, Z). Finally we apply part (ii) of Theorem C.12 to conclude the proof.

We write
CIARY,Z) - Au(Y. )]s
Erro(ft, ) = :
2(fs 1) I3 )]
CIAMY.Z) — Au(Y, 7))
Erro (i1, 1) = ==
(i 1) I AP
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Step 1: a key property of oracle matching and its implications. Our notation
Ap(Y,Z) and Ap(Y,Z) suppresses the dependence of the matching M for which it is
computed. Since we will need both matchings M* and M in this step, we make the
dependence on the matching explicit by writing Aju(Y, Z; M), where M € M,,(Z).

By Lemma C.13, Theorem C.18 and the definition of M* € M,,(Z) from (14), we have

1SS, < |ALT(Y,Z; MYy = sup || Apt(Y,Z: M), < V2ISS,. (27)
MeMy(Z)

Now, for any M € M,,(Z),
AL (Y, Z; M)z = [ A (Y, Zs M) o] < |ARH(Y,Z; M) — Ap* (Y, Z; M)
<V2(Y, Z) — (Y, Z)2 = op(ISS,),  (28)
where the final step is from the hypothesis in the statement of the result. Further by (15),
|AGT(Y,Z M) o 2 |G (Y, 2 MY)[l2 2 | Aut (Y, Z: M*) |2 —0p(1SS,) 2 1SS, (1—o0p(1)).

(29)
Similarly, by (28),
AR (Y, 2 M)l > |AGT (Y, 2 M)l = 0p(18S,) 2 1SS, (1 —0p(1)).  (30)
We deduce that for plug-in matching,
11(Y, Z) |0 V [|1(Y, Z) 5 - - }
max <, Erra(f1, 1), Erree (f2, =op(1). 31

Step 2: establishing Assumptions Al and A2. Henceforth we work with the matching
M. We have by (27) that

AL (Y, Z) o Ap(Y, Z)]|5
< AuT(Y.Z) 0 Au(Y, Z)||2 + [| (AT (Y, Z) = Au™ (Y, Z)) o Au(Y, Z)
< AR (Y. Z)|F + 1Au(Y, Z)]|oo - [A(Y Z) — Au(Y . Z)|
< 20|u(Y. Z) | A (Y. Z) o - (1 -+ Erra(fi, 1)) = 0p(155,).
Moreover, by the Cauchy—Schwarz inequality, (27) and (28),
AL (Y, Z)T Au(Y, Z) — | A (Y, 23] = [(A(Y, Z) — Ap(Y, Z)) A (Y, Z)
< [|AAT(Y, Z)|l2 - [Ap™ (Y, Z)||2 - Erra (g, 1)
— 0p(ISS,). (32)

Hence, by (31), Assumption A2 is satisfied by M. Moreover, (31) also yields that

| (Y. Bl _ [A0* (Y. Z) | + |AG(Y. Z) — Au(Y, Z)|»

18 (Y. 2 = [Au (Y. 22 — | MY, Z) — Au(Y, Z)]

= 2(InY, Z) oo/ 1A (Y Z) o) + Brra(fi p)

> ~ = Op(l).
1— Err?(uau)
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Now, we focus on the other term that appears in Assumption Al. By (31) and (27),
|7 (Y,Z) 0 Ap(Y, Z)|I3
2/3
< (188" (Y. 2) 0 Apt (Y, D)l + | (AR (Y, Z) = At (Y, 2)) 0 Au(Y, Z)]| )

< (1A (Y. 2) 3+ Brea( ) - |0 (Y. 2) o - | A0(Y. Z) )
<[ Au(Y, 22 - At <Y Z)|5” - (14 0p(1))
< |Ap(Y,Z)|*3 21/3ISSn (14 0p(1)).
Moreover, again by (31),
|AG(Y,Z) 0 Au(Y, Z)||1/°
<A (Y, Z) |2 + 1MUY, Z) = Au(Y, Z)|[2Au(Y, 2)|| 1

_ Ay z)? (WHMY 2 i, 2 D )
HAM(Y 2|13\ Ap(Y,Z)]y"? 1ALt (Y, Z)]1y"
1/3

(i)
1Au(Y, Z)|2

Hence, by (29) we see that Assumption A1 is satisfied by plug-in matching.

Step 3: applying Theorem C.12. By (28), (29) and (32),

— |ALT (Y, Z)||2| = 0p(ISS,).

‘AWY, Z)" Ap(Y, Z)
1A (Y, )]s

Hence, by (27) and (30),

A (Y2 AMY.2) _ o

1SS, (1 — op(1)) < T+ op(1).
( P( )) |’AN+(Y Z)H2 ( P( ))
Finally the result follows from part (ii) of Theorem C.12. O

Lemma C.13. For any M € M, (Z), we have |Apt(Y,Z)|2 < V2 ISS,,.

Proof. By definition, ISS, = (Y, Z) — fuso(Z)||2 where fuso is as defined in (26). Recall
that (Au™(Y,2Z)), = (u(Ys,, Zi,) — (Y}, Zj,)) , for £ € [L]. We claim that

(1Y Z0) = 0¥ 23)) < (Yo Zi) = fisso (Z2) | + |fisso (Z) = n(¥i Z)| - (83)

) > ,u(Y Z; ) since otherwise

for every ¢ € [L]. To see this, we may assume that p(Y;,, Z s

the left-hand side is zero. Now, if fi1s0 (Z ) ( 2

2

, then

Y4

)
1(Yip Zi,) — 0(Yis Z3,) < |\u(Ya, Zi,) — fuso(Z,)| + fuso(Zi,) — (Y5, Z,)
< ‘M (Yi, Zi,) — ,U/ISO(ZZZH + fiso (Z5,) — u(Yy,, Zj,).
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Otherwise, if [i1so (Z ) M(YJ,, Z; ) then
N(YZWZ ) (Y;/_MZ ) < M(Y;w Z; ) ZZISO(ZW)
< u(Ys,, Zi,) — fiso(Zi,) + |1iso(Zi,) — n(Yi,, Z5,) |-
This proves the claim (33), and it follows that

L

1Au* <qu2<22{u o Ziy) — Tiso(Zi,) Y 42> {u(Yi. 23,) — Tiso(2,) }

(=1 (=1

- ~ 2
<2 {uY;, Zi) — fuso(Zi)}~ = 2||Resn (Y, Z)]13,
which proves the result. O

C.2.2 Proof of Theorem 4

Given access to oracle knowledge of i, we observe that i = p satisfies the assumptions of
Theorem 5. Hence, Theorem 4 follows as an immediate corollary of Theorem 5. U

C.3 Proof of Theorem 10
Let us define 7 as any permutation of [n] for which
Z7r(1) < Z7r(2) <...< ZTI'(TL)J

and note that the collection of matched pairs for neighbour matching is given by M :=
{(m(2¢ - 1>’7T(2€))}46Ln/2j' By part (i) of Theorem C.12, with w = AY™ the dominant
term in the upper and lower bound on conditional power reduces to

AYTTAp(Y,Z)
p2l|AY |2

Since p, = v/20, by the same result it suffices to prove a concentration of the dominant term

as AY+TAM(Y,Z) B L "
Ay, = VR {ENar (V| 9 op(1),

and that the Assumptions A1l and A2 are satisfied.

Step 1: concentration of the dominant term. Under the partially linear Gaussian
models (20),

AYTTAUY, Z) = AY T Ap(Z) + B | AY |12,

where the first term is negative since g € Ciso. In fact, we can say more. Firstly,

[AY T Apo(Z)] < IAYT 0 Ao(Z) 11 < IAY o[ Apto(Z) 1.
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Since py € Ciso, we further have that

In/2] n
1A10(Z) 1 = (0(Zr(z0) = 10(Zn2e-1))) < Y (10(Zniiy) = p10(Zii-1)))
/=1 1=2

= 10(Ze() — 10(Ze(r)) < 2lpo(Z) - (34)

Moreover by Lemma C.20, we have that
1
IR - EVar (v | 2)] = op (1),
which also implies that [[AY ™|, > y/n/2- {E[Var (Y | Z)]}l/2 -
and po(Z) is sub-Gaussian, it follows that

op(y/n). Since Y € [—1,1]

AY+TAM(Y,Z)_ 5.5 . - 1/2
Y AL e b (BN | 2))

AYTA
—‘ YHAYTHZ’Z) ~ Bull AY o) 4 | BlIAY * s = /]2 B, - {E[Var (v | 2)]}"
l10(2)]

<4 m + OP(ﬁn\/ﬁ) =op(1),

where the last equality follows by recalling that zo(Z) is sub-Gaussian and 3, > n~'/2.

Step 2: establishing Assumptions A1 and A2. Since Y € [—1,1],
IAY " 0 Ap(Y, Z) [l < [AY ™ 0 Apio(Z) oo + Ball AY T[S < 4(ll10(Z) o + Ba)-
Moreover, by an argument, similar to that in (34), we have that

IAY ™ 0 Ap(Y, Z)||2 < [AY ™ 0 Apo(Z)||2 + Bul AY 3
< AY ool Apto(Z) oo | Apo(Z) |l + Bull AY T loc [AY T2

n

< IAY oo (180062 loe 3 (10(Zeiy) = 10(Zets—1)) + Bul AY 2

1=2

< 2(4)lio(Z) 1% + Ball AY ).

Since po(Z) is sub-Gaussian and that ||AY ™|y > /n/2 - {E[Var (Y | Z)]}l/Q — op(v/n),
Assumption A1 is satisfied by the neighbour matching. Similarly, by (34) and recalling that
Bn = 1/+/n, it follows that

[AY* 0 Au(Y. Z)]ls _ 2(4lo(Z)I + Sull AY )

=o0p(1).
A TANY.Z) S —Aln@)et aayrp oW

Hence Assumption A2 holds too, which completes the proof. ([l
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C.4 Power of cross bin matching

In this section, we study power of the PairSwap-ICI test for cross-bin matching. We will start
with stating and proving a concentration result for the conditional power of cross-bin matching
in Theorem C.14. This subsequently leads to the proof of Theorem 11 in Appendix C.4.2.
Before diving into the main results, we establish some necessary notations.

Definition 1. For any distribution P, we define the deviation of P as
Dev(P) := Eg~uniffo,1] [(F_l(l —q) — F‘l(q))ﬂ ) (35)

where F~1 is the generalized inverse CDF of P.

C.4.1 A general version of Theorem 11: asymptotic conditional power of cross
bin matching

Theorem C.14. Under the model class (20) suppose (3, 2 1/y/n. Additionally, also assume
that

(1) uo(Z) is a sub-Gaussian random variable, and the function pg satisfies the Lipschitz
property

(36)

(i1) there exists a constant Ly > 0 such that for any z1,2z9 € R,

dw, (Pyiz(- | 21), Priz(- | 22)) < Lw [Pz(21) = Pz(2)], (37)
where dw, (+, ) is the 1-Wasserstein distance.
Then, the conditional power of cross-bin matching (Algorithm 2), implemented with kernel
Y(z,2') =2 — 2’ and weights w, = max{(Y;, — Y},,0)}, satisfies
/2 =
P{p<al|Y,2}-a <\/n/2 - (Bu/0) - (E [Dev(Py2)])"* - & 1(a)) | = op(1).

Proof. The proof follows the same key steps as from the Appendix C.3. By part (ii) of
Theorem C.12 and with replacing w = AY ™, the dominant term in the upper and lower
bound on conditional power reduces to

AY T Ap(Y,Z)
p2llAY F 27

Since py = V2 20, it suffices to prove a concentration of the dominant term as

AY A (Y,Z)
HAYAiH = /n/2 - B, - {E [Dev(Py )] }'* + op(1

and that the Assumptions A1l and A2 are satisfied.
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Step 1: concentration of the dominant term. Under the partially linear Gaussian
model (20),

AY T Ap(Y,Z) = AY T Apg(Z) + BIAY I3,
where for the first term, it holds that

Ly

AY T Apo(Z)| = S Vi, = Vil [00(Zs,,) = 10(Zi,,)| < nlIAY " || Aol 2. (38)
(=1

Next, we analyze the large sample behaviour of [|[AY ™||%2. Conditioned on Z, [|AY *3 is a
sum of independent and uniformly bounded terms. Hence, by the law of large numbers,

1 1
SIAY - | 1Ayt | 2]| - ortr)
Finally, by Lemma C.21 we have that
1
TIAY I = B [Dev(Pyz)])| = on(1) (39)

Since p is L,- Lipschitz, we note that [[Apo(Z)]|- = Op(1/y/n). Combining behaviour of
both terms, we have that

AY* T Au(Y,Z) _ —Op(v/n) + BIAY 3
PINAE AINGE

= (8/p2) (V/2) - \JE [Dev(Py12)] +0p (V) = 0p(1).

Since p; = /20, the result follows by Theorem C.12 as long as we can show that Assump-
tion A1 and A2 are satisfied.

= (B/p2) - IAY T[]y — op(1)

Step 2: establishing Assumptions A1 and A2. Since Y € [—1,1],
IAY " 0 Ap(Y, Z)loe < [AY T 0 Apg(Z)]|oc + Ball AY 2, < 4([l10(Z) [l + Ba)-
Similarly, we also have that

IAY " 0 Au(Y, Z)||2 < [AY™ 0 Apo(Z) |2 + Bull AY [}
< AY [l (1A10(Z)lloc + Bal AY ")
< 2[AY |2 (l10(Z) oo + Bu)-

Since po(Z) is sub-Gaussian and that [[AY T[]y > \/n/2 - {E [Dev(Pyz)] }1/2 — op(v/n),
Assumption A1 is satisfied by the cross-bin matching. Moreover, by (38) and recalling that
Bn 2 1/y/n, it follows that

|AY* 0 Ap(Y, Z)[l> _ 20 AY* 2 (| 10(Z)l|oe + Bn) — op(1)
AYHTAUY,Z) = —nl|AY ||| Ano(Z) ||l + Bul AY |3
Hence Assumption A2 holds too, which completes the proof. O
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C.4.2 Proof of Theorem 11
Observe that for any ¢ # 0.5,

(Qp(1— )~ Qr(0.5) - (Qr(05) — Qp(e)) > 0

Therefore, for any distribution P, we have that

Dev(P) = Eyunif,1] [[QP(l —q) —Qp(0.5) +Qp(0.5) — QP(Q)]2]

> Egovniro | [Qr(1— @) = Qe(05)]" + [Qr(0:5) — Qr(0)]]

= 2E, unifo1) [(Qr(q) — Qp(0.5))°]
=2Ex.p [(X — Median(P))*] > 2 Vary.p (X).

Hence, it follows that
E [Dev(Py|z)] > V2E [Var (Y | Z)]

The result now follows from Theorem C.14. O

C.4.3 Matching upper and lower bounds on conditional power

In (18), the asymptotic upper and lower bounds on conditional power for oracle matching
match up to a factor of v/2. In this section, we try to answer the natural question: can we
close out this gap? We note that in Appendix C.2.1, this gap arises from (27), i.e

1SS, < | Ap* (Y, Z)|l2 < V21SS,,

where ||AuT(Y,Z)||2 is computed for the oracle matching.

Without additional assumptions on the model, it is unclear whether for oracle matching one
can ensure ||[Ap™(Y,Z)|2 ~ V21SS,,. However, the proof of Lemma C.13 suggests that it
possible if oracle matching satisfies

Zi, = Zj, so that tiso(Zi,) = tiso(Zi,), and u(Y;,, Z;,) =~ —p(Y; Z; .)-

Jes

However, we need to assume symmetry of (Y, Z) conditional on Z to have u(Y;,, Z;,) ~

—u(Y;,, Z;,). We investigate this in greater details for the special case of partial linear

Jes

Gaussian model (20). With this additional structure, and the restriction Z;, ~ Z;

Jer
need to ensure Y;, = —Yj,.

we only

We show that under symmetry of the conditional distribution of Py|z, even cross-bin matching
can attain the upper bound on asymptotic conditional power of oracle matching in (18) and
thus, oracle matching will attain it too.

Corollary C.15. Under the setting of Theorem C.14, if Py|z is symmetric almost surely,
then the conditional power of cross-bin matching satisfies

ar 1/2 B
P{pgarY,Z}—@(ﬂﬂn{EW A —@1<a>>':0p<1>.

o
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Proof. If Py z—. is symmetric, then

Qpy e (1= 4) = Qpyype () = 2 (Qpyy e (1 = @) = Qpy . (05)).
Consequently,

Dev(Pyz) = 4 Ey unif0,0.5) [(QP(O-5) - QP(Q))2] =4Ex.p,, [(X - Median(PY|Z))2]

almost surely. Moreover, the median and mean coincide and hence, E [Dev(Py|Z)} =
4Var (Y | Z). The result now follows by Theorem C.14. O

Since by Lemma 9, under the model class (20), /nf3, (E[Var (Y | Z)])l/2 (1+0p(1)) <ISS,,
the conditional power for cross-bin matching further satisfies

Plp<al|Y,Z})-0 (ﬁ - @—1@)' — (1)

o

as required.

C.5 Proof of propositions, corollaries and lemmas from Section 4
C.5.1 Proof of Proposition 6
Fix a distribution Qyy.z € H}". For any test function

¢ (X xR xR)" —[0,1] such that sup Ep[¢(X,Y,Z)] < a,
PeH{

by definition of total-variation distance it holds that
]EPX,Y,Z [¢(X7 Y, Z)] < EQX,Y,Z [¢<X7 Y, Z)] + dry (P)?,Y,Zv Q&,Y,Z)
<a+dry (Piyz Qxyz) -

The result now follows since the the last inequality holds for any Qxy.z € HCL.

C.5.2 Proof of Corollary 7

By Proposition 6, it is enough to argue that

ISS,,

inf drv (P)T},Y,Z> QSL{,YvZ) = 20

Qx,y,z€HNC!
Consider any p’ € Cigo. Similar to (16), define a model Qxy 7 as

iid iid

X = M/(Z) + C: (}/17 Zl)7 T (Yna Zn) ~ PY,Z: Cla e 7Cn ~ N(0702)'
By definition, Qx vz € HéCI and

dTV(PX,Y,Za QX,Y,Z) < EPY,Z [dTV (N (,U(Ya Z),UZIn) 7/\/ (M’(Z)JQIn) ’ Y, Z)}

_En, (Y, Z) — 1/(Z)]]
20
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Since this is true for any u’ € Ciso, then,

Epy, [ln(Y,Z) — ' (Z)]l2] 1SS,

TV( X,Y,Z7QX7Y1Z) — WeCiso 20 20

This proves the result. O

C.5.3 Proof of Corollary 8

Similar to the proof of Corollary 7, it is enough to argue that

. . . 1 1/2
inf dTV (PX,Y,Z’ QX,Y,Z) < (6(1 — €)> ISSn

Qx,y,z€H)T
Consider any p/ € Crso, and define the model Qxy.z € HC! given by
X; ~ Ber(i(Z))), (Y1, Z1),+ , (Yuy Zu) = Pyz.
We note that drv (P)%,Y, 72, Q% .y, Z) can be computed as
Ey z [drv (Ber(u(Y1, Z1)) x - -+ X Ber(u(Yy, Z,)), Ber(4/(Z1)) x - -+ x Ber(4'(Z,)))]
where the inner total variation term can be upper bounded using the Hellinger distance as
v (Ber(u(Y1, 21)) % -+ x Ber(u(Va, Z,), Ber('(Z2)) x -+ x Ber((2,)))
< V2. H Ber(u(Y1, 21)) x - -- x Ber(u(Yy, Z,)), Ber(i/(Z1)) x - - x Ber(i/(Zy))) .

Further, H*(Py x +++ X Py, Q1 X -+ Q) < Zle H?(P;,Q;) and thus by Lemma D.25, the
inner total variation can be further upper bounded by

. 1/2
(Vi Zi) — 1 (%))
(Z 20(Y;, Z;) (1 — (Y3, Zm) ‘

=1

Finally, since u(Y, Z) € (¢,1 — €) almost surely, the aforementioned term is upper bounded

by ﬁ Nu(Y,Z) — p/(Z)||3. Since this is true for any u’ € Ciso, we have

dry (Ber(u(Yi, Z1)) x - - x Ber(u(Yy. Z,)), Ber(4(Z1)) x - - x Ber(i/(Z,)))

1 1/2 1 1/2
< ] . — 2 — . 2
< (it e YD - H @) = (s ss)

which concludes the proof. O

C.5.4 Proof of Lemma 9
Firstly, under the model class (20) with E[Y] = 0, we have that

1)
ISS, < Ep,, [[|1(Y, Z) — 110(Z)||2]
= EPY,Z [HBnYH2]

) 12 1/2
sﬁn(EPY,Z R ) = v/nB(Var (Y)) ",
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where the inequality (1) holds since ug € Ciso and (2) holds by Jensen’s inequality. Next, we
note that under the model class (20),

IS5, = nf Ep, [[[u(Y,Z) — g(Z)]]2]

9€Ciso
> _inf EPY,Z [H[L(Y, Z) - g(Z)H?]
g R—R
—Ep,, [[u(Y.2) - Elu(Y,2) | Z]
=Ep,, [Hﬁn (Y —E[Y | Z])HQ} :
Finally, since Y is a bounded random variable, we have

1

n

|

n

Y (Yi—E[Y | Z])> =E[Var (Y | 2)] (1+0p(1)).

=1

Thus, we have 1SS, > v/nB, (B [Var (Y | 2)])"* (1 + op(1)). O

SIY - E[Y | 2)|; =

C.6 An oracle matching—Isotonic median matching

A key step in Appendix C.2.1 is demonstrating (27) for a matching in M,,(Z). The purpose
of this section is to show that in the case where R is a totally ordered set, this is achievable
via a method that we refer to as isotonic median matching (IMM). Since R is totally ordered,
we write < instead of <, and assume that 7; < --- < Z,,. Given aq,...,a,, € R, we define
their median by

Med(a; ) = {a(k+1) if m = 2k 4 1 for some k € Ny,
sy Um) = N apy+a .
B if m o= 2k for some k € N,

where any < -+ < agy) denote the order statistics of a1, ..., an,. Now given (Y,Z) and any
function 7 : R x R — R, we consider the function J50 : R — R where

Yso(z) :== max min Med({v(Yg, Zy): Z; < Zy < Zr}> (40)

jEN]:Z;<z zrER:zr>2

We claim that Y50 € Ciso. To see this, observe that for z < 2/,

Mso(z) = max min Med({v(Yg, Zy): Z; < Zy < Zr})

j€N]:1Z;<z zr€ERizr>2

< max min Med({v(Yg, Zy): Z; < Zy < ZT}>

T j€M]:Z;<z zr€R:izp >

<  max min Med({v(Yg, Zy): Z; < Zy < Zr}> = Yso(?')

T jEM]:Z;<2 zr€Rizp>2!

which proves the claim. Further, we note that Jigo is a piecewise constant function in Ciso,
i.e., there exist m € [n + 1], integers 1 =ny < ng <nz < --- < n, =n+ 1 and real numbers
ry <...<Tr,—1 such that

m—1

A’Y/ISO(Z) - Z r; 1 {an S z < Zni+1} 5 (41>

1=1

with the convention that Z,,; = co. In fact, we can say more:

44



Lemma C.16. In the representation (41), we have r; = Med ({y(Y%, Zg)}n'<£<n_+1_1) for
i € [m —1]|. Further, for any i € [m — 1] and any integer k € {n;,;n; +1,...,n;11 — 1},

Med ({~(Y,, Z@)}nigegk) >y (42)

Proof. Fix i € [m — 1] and let z5 € R be such that Z,, 1 < zg < Z,,. For any j € [n] with
Z; < zy, we have that

min Med({’y(Yg, Zy): Z; < Zp < zr}) = min Med({w(Yg, Zy): Z; < Zy < zr})

zr€R:zp>20 z,«GR:zTZZni

Since A’)&so(Zo) =i <= f’?Iso(Zm), it follows that

Y150 (Zn;) = max{ min Med({’V(Yz, Z)  Zny < 7y < Zr})ﬁISO(ZO)}

z2r€ER:zr 2 Zn,;

—  min Med({'y(Y}g, Z0)ini << k}). (43)

ke[n]:k>n;

Let k € [n] denote the largest index k at which the minimum in (43) is attained. Since
Y180 (Zn;) = M1so(Zn,41) = -+ = Y180(Znss1—1), we have k > n;1 — 1. Now, it suffices to show
that

Med({7(Ys, Ze) ins < £ < }) = Med({7(¥e, Z0) s i < € <mgy —1}). (44)

Ifi =m—1, then k = n,, — 1 = n, so we may assume that i € [m — 2]. Suppose for a
contradiction that (44) is not true, so k > n; 1. Now by (43), we have that

:?ISO(ZM-H) = min Med({/y(}/b Zﬁ) LRSI < 14 < k})
ke[n]:kzni_H
< Med({3(Y5, Z0) : miss < £ < E})

But since we have assumed that (44) is not true, we have

Med ({(¥, Z0) : mi < € < k}) < Med({2(Ys, Z0) : ns < £ < mivy —1}),
and thus by Lemma D.26, we further have

Y1s0(Zniyy) < Med({W(Y& Zy)in <0< 727})

However by (41), we also have

is0(Zni.) > Fiso(Za,) = Med ({1(Ye, Z0) ns < € < }),

which is a contradiction. This establishes (44) and completes the proof of the first part of
the result.

For the final part, fix any i € [m — 1] and ky € {n;,n; + 1,...,n;41 — 1}. Then by (43),
ri = Y50 (Zn,) = ke[ls]lli]gn. Med({V(Yg, Zy) in; < U< k})

< Med ({1(Ye, Z0) : mi < £ < Ko} )

as required. O
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We are now in a position to define the isotonic median matching. For ¢ € [m — 1], define

P, = {t e{ny,ni+1,....,n1— 1} (Y3, Zy) > ri},
N; = {t e{ny,ni+1,...,n1 =1} y(Y, Zy) < Ti}-

Let us order the indices in P; as ¢/, < --- < tjﬁ and the indices in N; as t;; <--- <t _.

Defining L; := n} An; , we consider the collection of ordered pairs

Ci = {(t”ilvtgl)" o 7(t;,rLi’t;:Li>}'

—

Finally, M (v) := ;' C; defines the isotonic median matching.

Lemma C.17. Suppose that the elements of {v(Ys, Zs) : £ € [n]} are all distinct. Then for
any i € [m — 1], we have n =n; and v(Ye, Zy) = Fiso(Ze) for all € € {ns,n;+1,... ,niy —

P =

1}\ (P, UN;). Moreover, M(y) € My (Z).

Proof. Fix i € [m —1]. When n;,1 — n; is even, we have by the first part of Lemma C.16 that
ni =n; = (ni—ni)/2and {ng,ni+1,... ng— 11\ (RUNi) = (). On the other hand, when

nit1—n; is odd, we have n = n; = (n;y1—n;—1)/2 and {n;, n;+1, ... ,ni+1—1}\(PiUNi) =:

{lo} is a singleton set. Moreover, v(Yy,, Zs,) = Yso(Zy,) which proves the first two claims.

Since Z; < --- < Z,, in order to prove that M () is a valid matching, it suffices to show that
ti, <t;,for any i € [m —1] and ¢ € [L;]. To see this, noting that t;, # t;,, suppose for a
contradiction that ¢/, > t;, for some i € [m — 1] and some minimal (o € [L;]. Since the
elements of {y(Yy, Z) : £ € [n]} are all distinct, we have [{t € P, : ¢ <, }| = {p — 1 and
{te N;:t <t;, }| =l so

4o
Med({7<n7 ZZ)}niSZSt;ZO) < Ty
which contradicts (42). O

The following key property of IMM ensures that when the PairSwap-ICI test is run with
the oracle matching and oracle choice of weights from (13), it has valid Type I error control
by Theorem 1 and moreover satisfies the power guarantees of Corollary ?7.

Theorem C.18. Given (Y,Z) € R" x R", there exists v : R x R — R for which, with the
corresponding isotonic median matching M(vy) € My(Z), we have

1AL (Y, Z)]s > 1SS,

Proof. Fix € > 0. We can find v : R x R — R such that the coordinates of v(Y,Z) are
all distinct and [[u(Y,Z) —v(Y,Z)||2 < €. Consider the IMM M (7y) := {(ir, je) }scj, Where
M(~) € M,(Z) by Lemma C.17. Furthermore by Lemma C.17 and (41), we have for any
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¢ € [I] that 4(Y;,, Zi,) > Fiso(Z,) = Fiso(Z;,) > 7(Yj,: Z;,). Hence,

1Ay (Y, Z) H2—2 Yips Ziy) = (Y0 Z4,))

I
th I

(v(Yi,. Zi,) — A1so(Zi,) + Aiso(Z5,) — (Y. Zj, ))

~
Il
-

2

Y
-

{(1Yi, Zi,) = Fis0(Z3,))

~
Il
-

(V(Yi Zi) — Aso(Z:)” = |17(Y. Z) — Fiso(Z)|12,

I

=1

where the penultimate equality holds because v(Y;, Z;) = Yiso(Z;) for ¢ € [n]\{i1, 51, ...

by Lemma C.17. Next, we observe that

“A7+(Y7 Z)HQ - “Au—i_(Ya Z)”Z < |’A7+(Y> Z) - Aﬂ—i_(Ya Z)”Z
< \/§|’7(Y7 Z) - H(Y7 Z)H2 < \/56’

and that by (17),

1SS, < [|1(Y,Z) — Fiso(Z)|2 < [V(Y, Z) — Fiso(Z) ]2 + .

Therefore,

1AL (Y, Z) s+ V2e > | A7 (Y, Z) 2 = [¥(Y, Z) = Fiso(Z)]2 > 1SS, — €.

Since € > 0 was arbitrary, the result follows.

C.7 Proof of lemmas from Appendices C.1—C.4
Lemma C.19. In the setting of Theorem C.12, let
Q= {[lw o AX|l3 < paflwl3 - (1 + er50) }

= {llw o AX|l = p3|lwl; - max{1l +e152,0}},
= {0.56]|w o AX[|3 < ||w o AX]|3 - €26},

+ (?ISO(ZJ'[) — (Y, Z;, )) }

IR

where € 517, €151, €25 are as defined in (24). Then for any § € [0,1], we have P{Q, | Y ,Z} >

126, P{OYY,Z | >}1—20 and P{Qs | Y, Z} > 1 — 2.

Proof. We have

lw o AX[3 = wo Ap(Y. Z)[3 + [wo AC3+2- (wo Au(Y, Z)) (wo AC).
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Now, conditional on (Y,Z), both |[w o A¢||3, and (w o Au(Y,Z))T(w o A¢) are weighted
sums of independent and identically distributed random variables. Hence,

~

E[|lwoAC|3 | Y, 2] =p3 ) wi = p3lwl,
=1

E [(WOAM(Y,Z))T(WOAC) ’ Y, z} —0

Var ([lw o AC|[3 | Y, Z) Zw Var ((A«)?)
L
< > wiE[(AL)'] = pillwlli,
=1
L
=

Var ((w o Ap(Y,Z))" (wo AC) ‘ Y, z) wi(A(Y,Z)) E [(A)?]

=1
= pallw? o Au(Y, Z)]l3.

By Chebychev’s inequality, for any § € [0, 00),

P{IHwoMH%—péHwH%I > 28wl

]P’{‘(W o Au(Y, Z)) (wo AC)‘

}sa,

an o Au(Y, Z)|ls ‘ Y z} <.
Hence,

1—25 < P |wo AXIE < |wo Au(Y. 23 + llwl + L wl;

SIw? o Au(Y, Z)]|5

v.z)

where, in the final step, we have used the facts that |[w||? < ||[W|w - ||[W]]2 and ||w? o
Au(Y, Z)|l2 < [lw o Au(Y, Z) o - [[wll2-

51/2
<P{ |Y,Z},

The lower bound on P{Q, | Y, Z} follows by a very similar argument.

For the final bound, observe that |[w o A(J|3 is also a weighted sum of independent and
identically distributed random variables, and has (conditional) mean and variance given by

E[[[woACl3 | Y, 2] = Z [wel*p3 = p5llwlls,

Var (||w o AC|[3 ‘ Y.Z) Zw Var ((|A«])*) ZUJEE (A)°] = [|[Aw||gpd.
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Thus, by the triangle inequality and Chebychev’s inequality;,

3 1/3
P
-5 < P{HwoAXllg < Iwo 8. D)l + (i + 25 - I

Y,Z}

||woAu(Y,z>||2)2/3(uwoAu(Y,zwm)l”
pa||wl|2 pa|[wll

1/3
AWl st IWIRY") |y 4
173 + 351/2 2 g
o3 Iwlls * p3072 " wli

< P{uw 0 AX s < p2\|wn2{(

as required. 0

Lemma C.20. Suppose we have i.i.d. samples (Y1,21),...,(Yn, Zn) from some distribution
Pyz € [-1,1] x R, and 7 is any permutation of [n] such that Zrqy < Zreoy < ... < Zrny are
ordered. Then,

[n/2]
D (Yaiet) = Ya@)t — E[Var (Y | Z)]| = op(1).

=1

1
n/2

Proof. Consider any joint distribution Py, on [—1,1] x R. We write Pz and Py (- | 2) for
the distributions of Z and Y given Z = z, and we write F,' and F;ﬁZ(- | 2) to denote the
generalized inverse for P, and Py (- | z) respectively. Without loss of generality we can also
assume that 7 is the identity permutation, i.e., Z; < Z, < ... < Z,, are ordered and Y; is the

Y value corresponding to Z; for any ¢ € [n].

Step 1: concentration, conditional on Z. Conditioned on Z = (Z1,2s,...,%Z,),
{(Yai—1 — Y2) }ic|ny2) is a collection of independent and uniformly bounded random vari-
ables. Thus, by weak law of large numbers,

1 [n/2] ) 1 In/2] 2
n_/2 ; (Yoi1 — Ya)3 — n_/2 ; E [(Y%—l —Y5)% } Z} = op(1).
Hence, it suffices to show that
1 [n/2] )
n/2 ; E [(Yai1 — Yai)% ‘ Z] —E[Var (Y | Z)]| = op(1),

Step 2: constructing a coupling. Consider {(Usi—1, Us) }icn/2) S Uniform|0, 1]. Without
loss of generality, we may take

Yo, 1 = F;|IZ(U2Z‘—1 | Zoi1), Yoi= F;‘IZ<U2i | Zs;).
We also define for i € [n/2]

Yyiq = F17|IZ(U2Z‘—1 | Zai), Yo = F;j‘lZ(U% | Zoi—1).
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Conditioned on Z, Yy, 2 Yy; and Y, < Yy;_1. Since t — t2 is 4-Lipschitz on [—2,2], it
follows that

2(Yai1 — Ya;)% [( —Yo;)3 4 (Yaiu1 — }/2/7,)3-}
(Yai_1 — Ym)i — (Y3, — }/22)2+| + ‘(Yzz‘—l - }/Qz)i — (Yai—1 — Y2,z>3|

/
2i—
\
(| Yaim1 — Yo, | + [Yas — V3.

<
<

Therefore, we have

[n/2] [n/2]
1 1
n/g ZE YQ” 1= Y21+|Z __ZE Yz/z 1 Y21> (Y2z‘f1—Y2/i)1|Z}
=1

< EZE [\Yziq — Yo, |+ [Yai — Yo | Z} :

i=1
Moreover, by construction
E [|[Yaic1 — Yo 4| | Z) = E[|Ya — Y5l | Z] = dw, (Py|z(- | Zai-1), Pyiz(- | Zai)),

where dyy, (-, -) denotes the 1-Wasserstein distance. We also write o2 := Var (Y | Z = 2) and
note that

E [<Y2i—1 - YQ/z)i } Z} = 0-%21'—1 and | [(Yél - )/;i—l)i ‘ Z} = 0-%21"

Hence, it follows that

1 [n/2] , 1 ln/2) ) )
n_/2 Zl E [(}/22'—1 - }/21)+ | Z} _ﬁ Zl (022171 + O'Z%)
3 (/2]
< n Z dw, (PY\Z(' | ZQi—l):PY|Z(' | ZQi))~
i=1

Step 3: another concentration step. Since Y € [—1,1],

1 [n/2] 4
‘ﬁ > (oh +oh) ——ZU <2
Furthermore, 027, . .. ,a%n are independent and uniformly bounded random variables. Thus,

by weak law of large numbers,

‘ Z 0% —E[Var (Y | Z)]‘ op(1).

Hence, so far we have established that

|n/2] [n/2]
1
n/2 ; E [(Yaim1 — Y2))3 | Z]-E[Var (Y | Z)]| < - ; dw, (Py12(- | Zai—1), Pyz(- | Z2i))+op(1).
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Step 4: bounding the Wasserstein distance by a TV distance. Fix N € N, and
define the random variable Y := (1/N)|NY |, which essentially amounts to rounding off ¥’
to the closest point to the left of Y on the grid (N)/N.

For any i € [n/2],
|dw, (Py(z(- | Zai1)Pyiz(- | Zai)) — dw, (Py2(- | Zaio1), Pyyz (- | Z2:)))|
< dw, (Pyiz(- | Zai1), Pyz(- | Zaic1)) + dw, (Pyiz(- | Zu), Pyz(- | Zai)) < 2/N,

where the last inequality follows by noting that |Y — Y| < 1/N. Furthermore, Y € [—1, 1]
and thus, by Villani (2009, Theorem 6.15)

dW1( Y|Z( |Z2z 1) Y|Z( |Z21)) SQdTV( Y\Z( ‘Z2z 1) Y\Z( ‘Z%D
<2 Z | P2 (k[N | Zai1) = Py (k[N | Z3:)|.
k=—N

Writing fi(Z1, ..., Zn) = 725 Y21y | Pryz(k/N | Zi) =Py 5 (k/N | Ziy1)| for any k € [-N, N],
we have that

1 9 [n/2] N
~ + ~ Z |P3~,|Z(k‘/N | Zoi—1) — P{/\z(k/N | Z2i)‘
1=1 k=—N
N
1 n—1
< — L1, ..., Ly).
>~ N+ n kZ_ka( 1 ) )

Step 5: controlling the total-variation term. Fix K € [-N, N]. Observe that if we
resample a single Z; (and write (77, ..., Z]) to denote this new sample), the perturbation in

fr is given by
4

2
\fi(Z1, . Za) = 24, ..., 2))] SE'QZE’

This follows by noting that the resampled Z! can alter at most two of the summands.

Now, let Zi, Zg,N. .. be an infinite sequence of i.i.d. copies of Z. For each n > 2 and each
1 <i < n,let Z,; be the Euclidean-nearest neighbour of Z; among {Z; : 1 < j < n,j #
i and Z; > Z;}. Now, observe that for any i € [n],

E [ Poy (kN | Z5) = Py (kN | Zisi)|| = B, [|Py 2 (k/N | Z2) = Py g (k/N | Zo)].
Since 71, ..., Z, are independent, by McDiarmid’s inequality, for any 6 > 0
Fi(Z1s- o2 Za) = 2B, ||Pyig (kN | Z2) = P (/N | Zu)|| | = 0p(1). (45)
Now, we claim that

Py 2 (k/N | Z1) = Py (k[N | Zy1)| = 0p(1). (46)
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To prove this claim, fix an € > 0 and a § > 0. By Lusin’s theorem, there exists a compactly
supported continuous function g, such that

Psop, {sz(k?/N | Z) # gk(Z)} <e.

Now, IP’{‘PﬁZ(k:/N | Zy) — Py (k/N | an)} > 5} is upper bounded by

P{19u(2) = 9u(Zua)| = 8} + B{ Pyiz(k/N | Z2) # gul20) | + B { Py (k/N | Zn) # 90 Zna) } -

By construction, IP’{PﬁZ(k/N | Zl) # gk(Zl)} < € and by Lemma D.27, there exists an

universal constant Cy such that
P{ P51 (k/N | Zo1) # 9u(Zns) } < CoP{ Py z(k/N | 1) # 9u(Z1) } < Cie.
Moreover, by continuity of g5 and by Lemma D.27,
lim P{I9k(2) — gu(Zr)| 2 6} = 0.
Thus, we have that
Tim P {Pm(k/N | Z) = Py (k[N | Zgw)| 2 5} < e(1+Cy).

Since €, was arbitrary, (46) holds.

Since the sequence of random variables in (46) is uniformly bounded, it further implies that
Er, ||Pyiz(k/N | Z1) = Pri(k/N | Zun)|] = op(1).

Since the conclusion above holds for any k € [—N, N], we finally have that

[n/2]
1
- Z dw, (Pyiz( | Zaic1), Priz(- | Zai)) <

Z fe(Zy,... 2 )S%—FoP(l).

But, N was arbitrary to start with. Thus, it follows that

Ln/2]
1
n Z dw, (PY\Z(‘ \ ZQi71)7PY|Z(‘ | ZQ@')) =op(1),

i=1

which concludes the proof. O]

Lemma C.21. For cross bin matching under any distribution Py z, it holds that

gC(LWv1)<\/_ \/1_ log(4/5)>

—5IAY 7|5 = E [Dev(Pyz)]

/2

where C is a universal constant.

52



Proof. Let P,z be a joint distribution on (Y, Z) € R x R. Write Pz and Py|z for the
marginal and conditional distributions. Define also F,;' and Fy, (- | 2) as the generalized

inverse CDF for Pz and Pyz(- | 2).

We define some notation. Let Ay C [n] denote the “kth bin”—that is, if we sort Z values from
smallest to largest, Ay corresponds to the indices appearing in positions (k — 1)m +1,...,m
in the sorted list. If we write Y} (1) > -+ > Y} (n) as the sorted values of Y in the kth bin
A, ={(k—=1)m+1,...,km}, then the cross-bin matching returns

K—1|m/2]

Devcross bin — Z Z Yk ,(3) — Yk+1 (m41—1) )

k=1 i=1

Step 1: rewriting with a Lipschitz function. Define a function f : [—1,1]" x[—1, 1]™

R as
Lm/2]

ﬂMMFZE:@@_y@H%ﬁf

i=1
where yy) > -+ > ygn) and yEl) >y denote the sorted values of y and of y’. Note

that, by construction,
K-1

Dchross—bin = Z f(YAku YAk+1)~
=1
This function satisfies several key properties:
Lemma C.22. The function f satisfies the Lipschitz property
1f (o) = F@ 00 < 4lly = gl + 4y = 7l

Lemma C.23. Let Q) be any distribution on R, and let A = (Ay,...,An) ~ Q™ and
B=(By,...,Bn) ~Q". Then

SEI.B) - Dev(@)] <

for a universal constant C.

Step 2: concentration. First, observe that if we resample a single Y; value (and write

Y/, ..., Y!) to denote this new sample), the perturbation in Devg.ossbin 1 given b
1 n p p g y
K-1 K-1
Z‘%%M— FOh YA )| £ 0 (4Yae = Vi +4lYa,, = Y, ) <16
k= k=1 k=1

where the last step holds since, for each k, ||Ya, — Y} [[1 <2- Lica, and similarly [|Yy, , —
YAHI |1 <2 Lica, iy Therefore by McDiarmid’s inequality, since the Y;’s are independent
conditional on Zi, ..., Z,, with probability > 1 — §/2 it holds that

Zh“w%}

Ije\vcross-bin —-E [56\\7cross-bin S 8v/2n 10g(4/(5>
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Step 3: an equivalent way to sample the data. Now let Vi,...,V,,U;,...,U, S
Unif[0, 1]. First we define Z; = F,'(V;), so that we have Z,,...,Z, " P;. Then we define

Y = Fy, (Ui | Zi)
iid

for each 7—this is equivalent to sampling (Y;, Z;) ~ Py,z).

Step 4: replace the Y values with oracle samples. Now let 0 <uj <--- <wj_ ;<1
be any values and let 2} = F,'(u}). For each i € Ay, define

Yi=F LU | %)

and for each i € Agyq, define

)

Y/ = F;‘lz(Ui | 21)-
Now define

K-1
DevVeross-bin = Z f(YAk? Yzéllk+1)’
k=1

so that

=

-1

< ’f<YAk7 YAk+1) - f(i/Akv Y/Zxkﬂ) .

1

—_—

‘Devcross—bin - Devcross—bin

i

By Lemma C.22, for each k,

‘f(YAka YAk+1) - f(Y/Akﬂ ?:gk+1>

< 4||YAk - Y/AkHI + 4||YAk+1 - Y///kaHL

Taking expected values, then,

E |/ 0a Yao) = Fa0 V)| | 200, 20)

<E[4Va, = Vall +41¥a,, — Vil

i Zn} .
Now we calculate an upper bound. For any £ =1,..., K — 1 and any 7 € Ay,

B[y - ¥

zl,...,zn} = dw(Pyiz(- | Z2), Pyriz(- | 1)),

by definition of the 1-Wasserstein distance, and by construction of Y; and Y. Similarly for
i€ Apia,

B[y -7/

Z1,.. .,Zn} = dw(Py|Z(' | Zz'),PY|Z(' | 21))-

And, since we have made a smoothness assumption on the conditional distributions, since
Z; = F;*(Vi) and z; = F;'(u}), for each i and each k we have

dw(Pyiz(- | Zi), Pyiz(- | z)) < Lw|Vi — uil.

Therefore,

E H FVa Ya) = f(Va, Vi, )

VA EE 1 S |

1€A UAk+1
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We therefore have

‘ E [D €Vcross-bin

Zl, ceey Zn:| -E [I/)\e—;/cross-bin

K-1
A T2 SR DI /)

k=1 iEAkUAk+1

Zl,...,Zn]

<E HDchross-bin - Dchross-bin

Next, by Lemma C.23, since Yy, and f/gkﬂ each represent m i.i.d. draws from Pyz(- | ;)
for each k, we have

1 ~ - . C
'm—/2E [f(YAk,YAkH) ) Zl,...,Zn} ~ Dev(Prz(- | )| <
Therefore,
— m = m C
E [Devcross-bin Zb ceey Zn] - E £ DeV<PY\Z( ‘ Zk) < 5 ’ (K - 1) ’ \/_m
Combined with the calculations above, then,
- o K1
E [Devcmss_bin Zi,..., Zn} — 2> Dev(Priz(- | )
k=1
K—1 m C
<atw S Wimul 2K -1 =

Step 5: another Wasserstein distance. By definition of the bins A (i.e., these bins
reflect the ordering of the V;’s), we can rewrite

K-—1 K— km
o> Vi Z Z |V<z->—u;;|.
k=1 icAyg k=1 : 1

Since uj < --- < wuj_q, by definition of the 1-Wasserstein distance, we have

_12 Z Vi — ujl = dw (P, P.r),

k=1 i=(k—1)m+1

where ]3‘(/1) is the empirical distribution of Viyy, ..., V((x-1)m), and ﬁu* is the empirical distri-
bution of uj, ..., u}_;. By the triangle inequality,

~

dw(P‘(/l), ﬁu*) S dw(ﬁv, Un1f[0, 1]) + dw(ﬁu*, Unlf[O, 1]) + dw(ﬁ‘(/l)7 ﬁv)

2m

< dw (Py, Unif[0, 1]) + dyw (P, Unif[0, 1]) + —,
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where ]3‘/ is the empirical distribution of Vi, ..., V, (note that the last inequality holds since
Viys - - Vi(k—1ym) is a subset of the list Vi,...,V},, containing all but n — (K — 1)m < 2m
many entries). Therefore,

K-1
DD WVi—up <m(K - 1) (dw(?v, Unif[0, 1]) + dw (P,-, Unif[0, 1])) +2om.

k=1 i€ Ay

By an identical argument the same bound holds for > ' D icag., Vi — ui|. Therefore,
combining with the results of the previous step,

=

(]

Dev(Pyiz(- | 2;))

E [Devcross—bin

Zl,...,Zn}—@
2

1

5 C
+ dy (P, Unif0, 1])) 4 8Lywm + % (K —1)- =

~— x>

< 4Lwm(K —1) (dw (Py, Unif[0, 1]

Step 6: averaging over the reference values. The above calculations hold for any fixed
0<uj <...uj_; <1l. Now we will make these random: let U}, ..., U}, S Unif]0, 1] and
let Ufy < -+ < Uy be the order statistics. And, let Z; = F,H(UY), with LGy = Fz_l(U(*k))

being the order statistics. Since Z;; ~ Py for each k, we have

E i Dev(Pyiz(- | Ziy))| =E 2 Dev(Pyiz(- | Z;))| = (K — 1)E [Dev(Py7)] .

Combining with the previous step, and applying Jensen’s inequality when taking expectation
over the distribution of the Z;’s (while conditioning on Zi, ..., Z,), we then have

‘ E [D €Vcross-bin

T Zn} ™ (K- DE [DeV(Py|Z)H

5
~ . m C
< 4Lym(K — 1)dw (P, Unif(0,1]) + 8Lym + oh (K—-1) —

3

4 4Ly nE [dw(ﬁm, Unif[0, 1])} ,

where Py is the empirical distribution of Us,...,Uj_y. Since n —2m < m(K — 1) < n, and
E [Dev(Pyz)] € [0,4], then,

‘ E [D €V cross-bin

n
Zi,.., 7] = SE [Dev(Pyiz)] |
<ALym(K — 1)dw(ﬁv Unif[0 1]) + (8Lw +4)m + m. (K—1)- <
- ’ ’ 2 vm
+ 4Lym(K — 1)E [dw(ﬁU*, Unif[0, 1])} .
By bounds on the empirical 1-Wasserstein distance from Lei (2020, Corollary 5.2.), since
iid . iid

Vi ~ Unif|0, 1] and U} ~ Unif]0, 1], we have

E [dw(ﬁV,Unif[O, 1])} <C'n7V2, E [dw (Py-, Unif[0, 1])] < O'(K — 1)1
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for a universal constant C’, and so

‘ E [D €Vcross-bin

A “E [Dev(Py7)] ‘

< ALym(K — 1) <dw(z3v, Unif[0,1]) — E [dw(ﬁv, Unif[0, 1})})

C
+ 4C Ly v/n + (8L + 4)m + % (K= e AC"LymvVE — 1.
m
Step 7: another concentration step. Since Vi,...,V, are ii.d., and the quantity

dw (ﬁv, Unif[0, 1]) can change value by at most % if we resample one value V;, by McDiarmid’s
inequality, with probability > 1 —¢§/2,

‘dw(ﬁv,Unif[O, 1) —E [dw(ﬁv,Umf[o, 1])” < 21%(4@.

Step 8: combining everything. From all the steps above, with probability > 1 — 9,

‘5e\vcross—bin - g]E [DeV(PY|Z>] ‘

< 8\/3nT0s(4/) + ALwm(F — 1) - 212el4/9)

n
C
+ACLyv/n+ 8Ly +Dm + = (K — 1) - —— + 40" LymVEK — 1.
2 vm
Letting C' now denote a different universal constant, we have the final result O

D Auxiliary lemmas

Lemma D.24. [t holds that deterministically, for any o € [0, 1],

o Y 1) <ab<a,

se{+1}L
where p(-) is as defined in (7).

Proof. Consider a bijection o : [2F] — {—1,1}* such that T(x°M) > ... > T(x°2")), and let
r€{0,1,...,2%} be such that o € [rr/2%, (r+1)/2%). Then, since Zi; 1{T(x"®) > T(x*W)} €

[2F] for each j € [2"], we have deterministically that

2L 2L
1 s 1 1 o o(j
j=1 k=1

se{+1}L
1 2L 2L ‘
=5 Z 1 Z L{T(x"®) > T(x"D)} <r
j=1 k=1
1L | & 1 & r
SQ—LZH dufk<jy<r :2—LZIL{]'§T}:2—L§04.
j=1 k=1 J=1
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Lemma D.25. For any p,q € (0,1), it holds that

(p—q)? (P—Q)2}
2p(1—p) 2q(1 —q) J°

H?(Ber(p), Ber(q)) < min{

Proof. We note that for any p,q € (0, 1),

12 (Ber(p), Ber(a)) = 5 | (VB — v + (VT —p— /T~ q>2]
[ -e? (p — q)? }
2{(vp+v0?* (VT-p+VI—9q)?
< 1p—9)” (» — ) }
"2 ptqg (A-p+(1-9g
1fp—9?® (-9’ (p—q)?
= 2l (1—29)} = 2p(1 —p)
By symmetry, it is also bounded by (p — ¢)?/ (2q(1 - q)), which proves the lemma. O

Lemma D.26. If S; and Sy are finite subsets of R with Med(S; U Sy) < Med(S)), then
Med(51 U SQ) Z Med(Sg)

Proof. Let S; ={a1,...,an} with a; < -+ < ay,, So = {b1,...,b,} with by <--- <b,, and
S1USy={c1,. .., Cman}t with ¢; <+ < Cppn-

We first claim that Med(S;) < Med(S;). To see this, observe that

[{k € [m+n]:c, <Med(S1USy)} < |{k € [m+n]:c <Med(S)}]
= |{i € [m] : a; < Med(S1)}| + [{j € [n] : b; < Med(S51)}|.

Recalling that |{j € [n] : b; < Med(S3)}| < n/2, there are four cases to consider:

Case 1: m and n both are odd. In this case,
[{k € [m+n]:c;, <Med(S1US2)} = (m+n)/2, |{i €[m]:a <Med(5))} < (m—1)/2,
and hence [{j € [n] : b; < Med(S1)}| > (n + 1)/2, which proves the claim.

Case 2: m is odd, and n is even. In this case,
[{k € [m+n] : ¢4 < Med(51US)} > (m+n+1)/2, |{i € [m] : a; < Med(S)}| < (m—1)/2,
and hence [{j € [n] : b; < Med(S1)}| > (n + 2)/2, which proves the claim.

Case 3: m is even, and n is odd. In this case,
[{k € [m+n]:c, <Med(S1US)} > (m+n+1)/2, |{i€[m]:a; <Med(5))} <m/2,
and hence [{j € [n] : b; < Med(S;)}| > (n + 1)/2, which proves the claim.

o8



Case 4: m and n both are even. By definition,

/2 + Qm/2+1
2

and Med(51 U SQ) =

brj2 + bnjata
2
Cm/2+n/2 T Cm/2+n/2+1
5 )

Med(S;) = , Med(S;) =

Now, if ay,/2 = @y /241, then
[{k € [m+n]:c, <Med(S1US2)} > (m+n)/2, |{i€[m]:a <Med(S1)} <m/2-1,

and thus, |{j € [n] : b; < Med(S1)}| > n/2 + 1, which proves the claim.

Otherwise, when a,,/2 <ty 241
[{k € [m+n]:c, <Med(S1US2)} > (m+n)/2, |{i€[m]:a <Med(S1)} =m/2,

and hence, |{j € [n] : b; < Med(S;)}| > n/2 and b, /2 < Med(S;). Now again, there are four
cases to consider.

(i) Tf bjo < amja < Amjars < bpjari, then Med(S) U Sy) = 2m2Tim2tl — Ned(S,) which is
a contradiction.

(11) If am/2 < bn/g S (lm/2+1 S bn/2+1, then Med(Sl U S2) = bn/2+;m/2+1 > am/2+gm/2+l =
Med(.S;) which is a contradiction.

(iil) If amp2 < buja < bnjar1 < amyarr, then Med(S)) > Med(S; U Sy) = —b"/2+;’L/2“ —
Med(Sz)

(1V> If bn/g S Am /2 S bn/2+1 < Am /241, then Med(Sl) = am/2+;lm/2+1 > bn/2+§n/2+1 = Med(Sg)

This establishes the claim that Med(S;) < Med(S7). If we had Med(S; U Sy) < Med(.Ss),
then by the same argument as above, we could conclude that Med(S;) < Med(S2) which is a
contradiction. This proves the result. O

Proof of Lemma C.22. First, for each ¢ = 1,...,[m/2], since ¢t — (t)3 is 4-Lipschitz on
te[-2,2],

~/

‘(y(i) - yEm—i—l—i))a— - (g(i) - gém—i—l—i))i—‘ < 4‘9(2‘) - Q(i)| + 4’Z/Em+1—i) - y(m+1—i)"
Therefore,

lm/2] lm/2]
£y, ) — f(g,9)] <4 Z Y@y — Yl +4 Z Yms1-i) = Jimr1-1)-
=1 =1

Writing v = (Y1), - - - » Ym)) as the sorted vector, and same for yE), 7, and g}b, then,

|fsv) = F@,9)] < 4llyy — ol + 4y — Tl

Finally, it holds that
lyo — g0l < lly = 9l

by an ¢; version of the rearrangement inequality, and similarly for ¢/, 7. This completes the
proof. O
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Proof of Lemma C.23. First let Aqy > --- > Ay and By > -+ > B(y) be the order
statistics, and write Ay = (Aq), ..., Awm)) and By = (B, ..., Bay) for the sorted vectors.
Then

f(A,B) = f(Ag, By)
since f(y,y’) is invariant to permutations of y, and invariant to permutations of y'.
Next, let Fél be a generalized CDF for Q). Let Ui,..., U, S Unif[0, 1], so that we can
equivalently define A, = Fél(Ui) for i = 1,...,m. Define A, = Fél(l — U;), and let Aj
denote the sorted vector as before. Then

by Lemma C.22, and so applying Jensen’s inequality,
[E [f(Ag, By)] = E [f(Ag, Ay ]| < 4E [ A} — Byl -

Next, let Uy < -+ < Uy be the sorted values. Then we have A = Fél(U(mH_i)) and
Ay =Fg "(U) for each i. Then by construction,

Lm/2] [m/2]
FAA) =" (Agy = Apsr )t = D (Fy Umsa-0) — Fo (1= Upmnya—9))3-
=1 =1
Therefore,
m/2]
E[f(A, A =E | > (Fa' Umiiy) = Fo' (1= Upna-))}
=1

And by symmetry,

Lm/2]
Elf(A A =E[f(A,A)]=E Z (Fo'(1=Upw) — Fo ' (Uw))}
Therefore,
E[f(AA)] = %E Z(Fél(l —Uny) — Fél(U(i)))Q : ]1&-]

where &; is the event that ¢ < % and Uy < %, or, 1 > % and Ug) > % Therefore, since each
term in the sum is bounded by 1,

1 (&, B 1 1 [&
E[f(4,A)] - B Y (Fa'(1=Ua) — Fo'(Ua))* || < SE > 155]
i=1 i i=1
We can rewrite this as
I I
/ —1 -1 2
E [f(A> A )] - §E ;:1 (FQ (1 - Uz) FQ (UZ)) < §E ;:1 ]1816]
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By definition, for each 1,
E [(F,'(Ui) — F' (1= U;))?] = Dev(Q).
Therefore,

[E[7(4,4)] - TDev(@Q)] < 5E < c'm,

m
> L
=1

where the last step holds for a universal constant C" by properties of the Binomial distribution,

since
m
;15; <1+ Z;ﬂUi<1/2 )

and )", 1y,<1/2 ~ Binomial(m, %)

Returning to the initial calculations, then, we have
E(/(4, B)] - TDev(Q)| < 4E [l 47, = Boll.] + C"v/m.

Next we turn to bounding [|Aj) — B)[|;. Write Py and Pg as the empirical distributions of
A’ and of B, respectively. Then

IA}) — Bylls = mdw(Par, Pg) < mdw (P, Unif[0, 1]) + mdw (Pg, Unif[0, 1]).
By bounds on the empirical 1-Wasserstein distance from Lei (2020, Corollary 5.2.) we have
E [dw<z3A,, Unif[0, 1])] < CO'm~V?
for a universal constant C’, and same for 153. Therefore,
E[/(A, B)] - TDev(Q)| < 8C'Vim + C"V/m,
which completes the proof. O

Lemma D.27. Let Z1, Z, ... be an infinite sequence of i.i.d. samples from Py. For each n >
2, let Z,,; be the Euclidean-nearest neighbour of Z; among {Z; : 1 < j <n,j #iand Z; > Z;}.
Then,

(1) Zy — Zn £ 0, and

(i1) there exists an universal constant Cy such that for any measurable function f: R —
[0,00) and any n,
E[f(Zn1)] < CoE[f(Z1)].
Proof. Let S be the support of Py, i.e., for any z € S, any open interval containing z has
strictly positive measure. Consequently, Pp, {Z € S} = 1. Take any € > 0, and consider the
closed interval [Z7, Z; + €]. Note that,

P{|Z) ~ Zn1| > ¢} =E[P{|Z) — Zny| > €| Z1}] <E [(1 — Py([2, 21 + e)))”_l}
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Since Z; € S almost surely, PZ([Zl, Z1+ e)) > (0 almost surely. Hence,

lim IP){|Z1 - Zn,1| Z 6} = O,
n—00

which proves the first part of the result.
a calculation” similar to Azadkia and Chatterjee (2021, Lemma 11.5), O

"Note that, in Lemma 11.5 of Azadkia and Chatterjee (2021) they work with nearest Euclidean neighbour,
while here we deal with nearest neighbour to the right. However, the argument follows in a very similar fashion.
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